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ABSTRACT In this paper, we consider PLAINS, an algorithm that provides
efficient alignment over DNA sequences using piecewise-linear gap penalties that closely
approximate more general and meaningful gap-functions. The innovations ofPLAINS

are fourfold. First, when the number of parts to a piecewise-linear gap function is
fixed, PLAINS uses linear space in the worst case, and obtains an alignmentthat is
provably correct under its memory constraints, and thus hasan asymptotic com-
plexity similar to the currently best implementations of Smith-Waterman. Second, we
score alignments inPLAINS based on important segment pairs; optimize gap parame-
ters based on interspecies alignments, and thus, identify more significant correlations
in comparison to other similar algorithms. Third, we describe a practical implemen-
tation of PLAINS in the Valis multi-scripting environment with powerful and intu-
itive visualization interfaces, which allows users to viewthe alignments with a natural
multiple-scale color grid scheme. Fourth, and most importantly, we have evaluated the
biological utility of PLAINS using extensive lab results; we report the result of com-
paring a human sequence to a fugu sequence, wherePLAINS was capable of finding
more orthologous exon correlations than similar alignmenttools.

1 INTRODUCTION

Since biological sequences like DNA, RNA, and amino acid sequences, did not ariseab
initio, but share a common ancestry and similar selection constraints, a key focus in bioin-
formatics has been to enhance our ability to compare large number of these sequences
against each other. An effort of this kind can ultimately catalogue elements that are con-
served, motifs that are repeated, regions that are hyper-mutated or deleted, and segments
that are inserted and reinserted over and over. This processstarts with aligning two or
more sequences with an algorithm that optimizes an alignment score, and often ends with
organizing a set of sequences in a global tree structure where the tree-distances roughly
correspond to the evolutionary distances. Both the score and distance functions are deter-
mined by the underlying stochastic processes modeling genome evolution, and must be
represented in a flexible manner in order to be faithful to biology. But this sort of generality
often implies a loss of computational efficiency. This dilemma is resolved through reliance
on simple algorithms, quasi-local cost functions (e.g., linear gap penalty), and by apply-
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ing these algorithms only on short subsequences after most unlikely candidates have been
discarded.

To a rough approximation, DNA sequence alignment problem differs marginally from
protein sequence alignment problem. (For instance, at a superficial level, one may note that
DNA alignment is over an alphabet of 4 letters whereas protein alignment is over an alpha-
bet of 20 letters). However, two key differences are that (1)there are 3 bp DNA code per
amino acid, and that (2) genes in DNA sequences that ultimately get transcripted and trans-
lated into proteins can be separated by intergenic regions of few thousands of base pairs
that do not get expressed, and perhaps, are subject to strikingly different (or no) selection
constraints. Thus these intergenic regions typically varyto a greater extent in one species
compared to another. Therefore, we may expect the gap lengths in DNA alignments to be
larger, more variable, and have specie-specific distributions. Moreover, these distributions
characterizing the gap-lengths may not be memory-less (i.e., exponential distributions).
There have been suggestions that power-law distributions may be more appropriate. The
evolutionary processes governing the genomes of species, and the log-likelihood of certain
indel gaps occurring when comparing one species against another suggest that a logarithmic
gap function is more appropriate for DNA sequences. Becauseof this, the traditional affine
(or linear) gap functions used for aligning proteins are unsatisfactory for DNA sequences,
as the ultimate results may be biologically misleading.

In order to exploit the fidelity of general non-linear gap functions for DNA sequences,
without suffering performance penalites associated with them, we have chosen to use piecewise-
linear gap functions modeled to approximate the gap functions in a dynamic programming
approach. Here, we present an implementation of an alignment algorithm that uses rea-
sonable amount of memory, avoids a major shortcoming associated with generalized gap
penalties, and only demands a loss of constant factor (of≤ 5.6) in time complexity com-
pared to the best algorithm using an affine-gap model. There have been other algorithms
that also proposed piece-wise linear gap model (see Miller-Myers [10]), but we present
several additional theoretical innovations in terms of worst-case upper-bound memory us-
age, alignment optimization, and visualization of data. Wehave the algorithm available
in a powerful bioinformatic environment, calledValis. Our algorithm uses an innovative
learning-heuristic to determine the best score function, anear-optimal gap-penalty model,
and a scheme to compute p-values for reporting alignment reliabilities.

As we hope to demonstrate here by an extensive set of experimental results, our algo-
rithm works satisfactorily for DNA sequences, and can better reveal the underlying bio-
logical significances than other existing algorithms (e.g., needle, swat, emboss, etc.). As
a concrete example, we present our alignment results for thegenomic sequences of a pair
of orthologous genes in Human and Fugu. While all the alternative alignment algorithms
either fail by mis-aligning the exons in the Fugu sequence, or by not identifying important
correlations, PLAINS is able to recover the orthologous relation between exons in the Fugu
and Human sequences with good reliability. (See Fig. 3)

This paper is structured as follows: The first section introduces the notations used
throughout this paper, overviews how PLAINS aligns, and describes how PLAINS does its
“log function to piecewise-linear function” approximation, alignment scoring, alignment
reliability computations, parameter optimization, and color grid scheme. The second sec-
tion describes the empirical results found from comparing Plains to similar algorithms, and
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overviews the usage of PLAINS. The final section concludes with a discussion of possible
future extensions for PLAINS. The appendix gives the specific sequences used for the tests
ran on PLAINS and similar alignment tools, as well as describes the PLAINS alignment
method in detail, including proofs of its space-bound and correctness.

2 THE PLAINS SCORING SYSTEM

We now explain several aspects of PLAINS: its general notations, its alignment method, and
how it approximates a log function using a piecewise-linearfunction, decides what a “best
alignment” is, computes reliabilities of its results, optimizes parameters for alignments, and
visually displays alignments using a ColorGrid.

2.1 THE PLAINS ALIGNMENT METHOD

For the remainder of this paper, assume that the two strings to be aligned are denoted4 X
andY , and their respective lengths arem andn. Also, assume that the penalty for each
mismatch is denoted asms.

Next, ap-part piecewise-linear function is denoted asww(·). This function has ay-
intercept ofwo, and the slopes of the linear functions in successive intervals arewc1, wc2, . . . , wcp,
and thex-values at which one interval ends and the next begins are denotedk1, k2, . . . , kp−1,
andku is thex-value where theuth linear function of slopewcu ends. Also, assume that
k0 = 0, and that thepth function of slopewcp never ends (i.e., extends off into infinity).
Then, for some valuei such thatkp̃−1 < i ≤ kp̃, ww(i) is defined as:

ww(i) = wo + [wcp̃(i − kp̃−1)] + Σ p̃−1
u=1[wcu(ku − ku−1)].

For all practical purposes, it is sufficient to setp to be at most10. With our mismatch
penaltyms and our piecewise-linear gap penalty functionww(·), and reward per match
fixed at1, PLAINS generates an alignment using a method similar to Miller-Meyers [10],
except that because PLAINS exclusively uses piecewise-linear gap functions (as opposed to
general gap functions), it is able to take advantage of an algorithm of its very own, and uses
O(np) space in the worst-case5. Further details of how PLAINS generates an alignment,
and the proofs of itsO(np) space bound and the correctness of the computed alignment
obtained are all explained in appendices B, C, and D.

2.2 PLAINS LOG APPROXIMATION AND PARAMETER OPTIMIZATION

Recall our definition for ap-part piecewise-linear gap functionww(·). For a given piecewise-
linear gap function and mismatch penalty, the PLAINS algorithm does find the best align-
ment forX andY . When a user asks PLAINS to find the “best set” of gap-mismatch pa-
rameters that yield a “best alignment,” PLAINS optimizes over four variables:α, β, d, and
ms. The penalty for each mismatch is denotedms, as in the previous section. If the gaps

4 X andY should not be confused withx andy, as the capital letters denote strings and the small letters, positions
within such strings.

5 For all practical purposes,p ≤ 20, hence we can say that PLAINS uses worst-case linear space



4

follow a power-law distribution, then the best gap penalty function, determined by the log-
likelihood, follows a log gap function. We have found that such gap functions give the best
alignments. Since piecewise-linear functions can be modeled to resemble convex general
functions (with some controllable degree of accuracy), thePLAINS optimization models
piecewise-linear functions to approximate the continuouslogarithmic function. In the ex-
treme case, such a piecewise-linear function assumes an affine function (corresponding to
an exponential distribution for gap lengths), it retains the generality for a wide class of
distributions.

More specifically, the log gap penalty function overi is denoted as6: α ln(i + 1) + β.
For a givend, α, andβ, ww(·) usesk1, . . ., kp values set tod, 2d, ...,p ∗ d, and for eachu
from 0 to p, ww(ku) = α log(ku + 1) + β, and from this, we can calculate the slopewcu

for eachuth line7, andwo is set toβ.
Computational exploration reveals that varying any ofms, α, β, andd results in dif-

ferent alignments. Each alignment is given a score “adaptively” (i.e., the score given to
each alignment is not the same score found in the dynamic programming table) in a way
explained in the next section, and among this collection of alignments, the one with the
highest score is considered “the best.”

One can envision the gap/match-mismatch parameters(α, β, d, ms) as a vectorv, and
its corresponding score as a scalar= f(v), wheref maps each vector to its corresponding
ratio score. So, for a given vectorv′, we can findf(v′) by performing an alignment using
parameters specified byv′. Hence, the problem PLAINS works over now becomes one of
finding a vectorv to maximizef(v), which is a numerical optimization problem.

At the user’s request, PLAINS can find thev to optimizef(v) using either Simulated
Annealing or Genetic Algorithm. Both are explained in [5]. Empirical runs over PLAINS

have shown that Simulated Annealing yields better results,but Genetic Algorithm explores
the space ofv more thoroughly. However, all of this should come of no surprise, since (1)
Monte Carlo related methods are successful in optimizing Hidden Markov Models (which
are similar to sequence alignments), and (2) Genetic Algorithms typically consider subse-
quent solutions in a more random manner than Simulated Annealing. PLAINS is designed
so that any algorithm to optimize gap/match-mismatch parameters can easily be plugged
in instead of these two methods; for instance, one may searchparameters with a somewhat
time consuming MCMC approach, or variants such as Gibbs sampler or EM.

2.3 THE PLAINS SCORING SYSTEM

For a fixed set of gap/match-mismatch parameters(α, β, d, ms), PLAINS creates an align-
ment and scores it by grabbing segment pairs that yields “good “ scores. The sum of these
segment pairs’ scoresR is the value PLAINS reports, and not the score obtained from the
dynamic table. This is because when we observe an alignment,it is the segment pairs of
high scores that are the only true items of significance.

There are many ways to optimally select segment pairs. The method chosen by PLAINS

creates the alignment first, and uses the alignment to obtainthe segment pairs. The reason
6 Note: ln is loge using basee, andln(i + 1) is used instead ofln(i), with the result that the function takes the value
= β for i = 0.

7 Note that for thepth line,wcp is computed assuming thatkp = p ∗ d, even thoughkp is later assumed to be infinity,
and thepth line of the piecewise-linear function is assumed to continue off into infinity.
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PLAINS does not grab segment pairs from the dynamic table like most other algorithms do
is because PLAINS uses linear space in memory, and grabbing segment pairs fromthe dy-
namic table would typically require quadratic space in someway or another. Furthermore,
PLAINS assumes that both mismatches and gaps are allowed in the segment pairs (though
sparingly, since the segment pair has to be considered a “good” one).

Using fixed constantsW , ω, andρ (whereW is an integer, andω andρ are reals within
[0, 1]), PLAINS obtains segment pairs from an alignmentA of lengtha in following way:

(1) For all i from 1 to a − (W − 1), PLAINS computes apa(i) value, which is the
percentage of entries inA[i..i + W − 1] where a match has occurred. We then compute
µ andσ, the mean and standard deviation of ourpa(·) values. Next, we mark8 anypa(·)
values as “special” if they exceedµ + ωσ.

(2) For eachu andu′ (with u <= u′), if pa(u), pa(u + 1), . . . pa(u′) are all marked as
“special”, butpa(u − 1) andpa(u′ + 1) are not, then we create a segment pair that ranges
from A[u..u′+W −1] (i.e., a segment pair that starts at the leftmost entrypa(u) represents,
and ends at the rightmost entry thatpa(u′) represents).

(3) We trim each segment pairP so that it starts and ends at a position in the aligment
where a match occurred. Next, we merge together any segment pairs that overlap. (I.e., if a
segment pairP1 starts at positionu1 and ends at positionv1, and a segment pairP2 starts at
positionu2 and ends at positionv2, andu1 < u2, andv1 ≥ u2, we merge the two segment
pairs into a new segment pairP which begins atu1 and ends atmax(v1, v2).)

(4) With all segment pairs representing non-overlapping regions, we then proceed to
give a score to each segment pair. (I.e., if a segment pairP starts at positionu and ends at
positionv, then we evaluate the score of subalignmentA[u..v] using our given gap/mismatch
penaltiesww andms. We continue to give1 point per match. Note that all segment pairs
kept at step (4) must begin and end at a point in the alignment where a match occurs.)

(5) For each scoreS given to each segment pairP , we compute the Karlin-Atschul
probability p = 1 − exp(−Kmne−λS) as outlined in [7]. We delete any segment pairs
whosep > ρ, since this signifies a segment pair that “occurs by chance” and does not
represent a significant relation betweenX and Y . The choice of selection ofK and λ
values is described later.

(6) The r segment pairs kept at this step are considered the “good” ones. We now
computeR, the sum of the scores of the “good” segment pairs. (I.e., if the ith “good”
segment pair has scoreSi, then we computeR = Σr

i=1[Si]).
We also computeζ , the Karlin-Atschul probability for ther segments. Here, ifS ′

i =
λSi − ln(Kmn), andTr = S ′

1 + . . . + S ′

r, then as mentioned in [8],Tr = Σr
i=1[S

′

i] =
Σr

i=1[λSi−ln(Kmn)] = λΣr
i=1[Si]−rln(Kmn) = λR−rln(Kmn), andζ = Prob(Tr ≥

x) ≈ e−xxr−1

r!(r−1)!
. This acts as an overall probability for the “good” segment pairs.

SettingW = 50, ω = 0.5, ρ = 0.5 empirically yields segment pairs that are reasonably
long, and have significantly higher matches than the alignment “background”. With these
values forW andω, we ran PLAINS over900 pairs of randomly generated sequences, each
with lengths ranging from500 thru 4000, and observed the “good” segment pairs com-
puted. (Note: We temporarily ommitted step 5 for these runs,the step where we eliminate

8 The choice of usingµ + ωσ as the cutoff value instead of a fixed constant gives PLAINS the flexibility to catch the
important regions in two sequences, regardless of how homologous they are to each other
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segement pairs based on theρ values). From this empirical study, it was estimated that
K = 3.31 ∗ 10−4 andλ = 0.0762.

Using our knownK, λ, W , ω, ρ values, PLAINS can take any prespecified gap/mismatch
paramtersms andww, and report for sequencesX andY the overall alignmentA obtained,
along with all the “good” segment pairs, their scores andp values, and theR score andζ
value. In the event thatr = 0, thenR = 0 and PLAINS will report that no “good” segments
were obtained.

2.4 THE PLAINS COLORGRID METHOD

For visualization of the computed alignments, the PLAINS program ported in Valis uses
a coloring grid to summarize high and low matched areas forX found in the alignment.
It works as follows: For someM (different fromN), we color in a grid with at mostM
spots. We set color spot1 based on the match percentage found inX[1, . . . , m/M ] in the
alignment; we set spot2 to a color based on the match percentage found inX[m/M +
1, . . . , 2m/M ] in the alignment; we set spoti to a color based on the match percentage
found inX[(i−1)m/M +1, . . . , im/M ] in the alignment; and so on. The coloring grid for
Y works in a similar way. Figures 3 and 3 are examples of this, with bright colors such as
red, orange, yellow, and green signifiying high-match areas, and dark colors such as blue,
purple, brown, and black signifying low-match areas. Whitesignifies any nucleotides ofX
or Y on the left/right sides that were unaligned.

Notice how here, the number of match percentages found is a fixed size. The color com-
putations in this way has many advantages, such as how it handles the limited resolution of
the computer screen compared to the sizes ofX andY .

In addition to visualizing color grids for all ofX andY , users also have the option
to view portions ofX or Y by specifying a substring range for eitherX or Y , with the
Colorgrid of the unspecified sequence automatically resized to represent the corresponding
area in the specified sequence’s substring.

3 EMPIRICAL RESULTS

Two set of experiments were performed and used to compare PLAINS to similar alignment
tools. The first set involved related sequences. The second set involved unrelated sequences.
Tables 1 and 2 explain details regarding both sets of test runs, and appendix A elaborates
further.

We have chosen to compare PLAINS against the similar localized DNA alignment tools
of EMBOSS, LAGAN, and LALIGN. LAGAN uses piecewise-linear gap functions just
like PLAINS, whereas EMBOSS and LALIGN use linear gap functions.

We made PLAINS optimize the approximate best gap/mismatch parameters based on
the pair of species aligned, and the nature of the sequence. This is resemblant of LAGAN’s
techniques to account for the nature of certain species in performing its alignments.9 In
contrast, EMBOSS and LALIGN each use a fixed set of gap/mismatch parameters for all

9 LAGAN has special gap-parameters for Human and Mouse, but not Fugu. For the runs using Human and Fugu se-
quences, the parameters where LAGAN got the best results wasused.
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Name Species Lengths SequenceLarge Identity Percentage in
Nature Gaps?Homologous Regions

humanHomol_15 Human vs. 8K vs. coding no 86%(nt)
humanHomol_16 Mouse 400-3000 90%(nt)

MousePseudo1 Mouse 2.4K-9.6K 62%(nt)
MousePseudo2 vs. vs. noncoding yes 55%(nt)
MousePseudo3 Pseudogene 400-500 56%(nt)

HumanPseudo1 83%(nt)
HumanPseudo2 Human 1.5K-11.2K 74%(nt)
HumanPseudo3 vs. vs. noncoding yes 85%(nt)
HumanPseudo4 Pseudogene400-4000 74%(nt)
HumanPseudo5 75%(nt)

HFugu2r 58%(aa)
HFortho1 Human 6K-12K 55%(aa)
HFortho2 vs. vs. noncoding yes 52%(aa)
HFortho3 Fugu 1.8K-3.6K 64%(aa)
HFortho4 52%(aa)
HFortho5 73%(aa)

Table 1. Sequence Descriptions for the Related Experiments Ran. Allthe sequences are retrieved from ENSEMBL
database [www.ensembl.org]. Note for the rightmost column: (nt) indicates match percentage of nucleotides,(aa) indi-
cates match percentage of animo acids after the two DNA sequences are transcribed into proteins.

Name Species Lengths Sequence Nature

HFncd1 Human 10K-20K
HFncd2 vs. vs. noncoding
HFncd3 Fugu 6K-10K

FFcd1
HFcd1 Human, Fugu, 1.5K-4.8K
HHcd1 and Mouse vs. coding
HMcd1 (All six combinations)1.5K-4.8K
MFcd1
MMcd1

Table 2. Sequence Descriptions for the Unrelated Experiments Ran. All the sequences are retrieved from ENSEMBL
database [www.ensembl.org].
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species. We present a figure 3 showing the piecewise-linear gap functions that PLAINS

came up with for each species pair10.
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Fig. 1. The Piecewise-Linear Gap Functions that PLAINS came up with in optimizing theR score for different species
pairs, along with the rescaled gap-paramters the other tools use. Note that the LAGAN gap paramters shown here are its
default paramters. LAGAN uses a number of unspecified gap parameters in aligning on a species by species basis.

All scores for all alignment tools were obtained directly from the alignments and not the
dynamic programming table, as outline earlier in “The PLAINS Scoring System” section.
In tables 3 and 4, we see respectively theR, r, andζ ′ values obtained from each run (where
ζ ′ = −log(ζ)). As explained earlier,r is the number of “good” segment pairs,R is the total
score of all those segment pairs, andζ is the probability of having our “good” segment pairs
sum up toR. We choose to display theζ ′ values instead of theζ values, becauseζ ′ values
are easier to compare. Note that more reliable alignments correspond to smallerζ values,
and hence, largerζ ′ values. When no “good” segment pairs are found, an X is placedas the
ζ ′ value. In the HFncd2 and HFncd3 experiments, an X is placed astheR, r, andζ ′ values
for EMBOSS because EMBOSS ran out of memory aligning those experiments.

As these results show, PLAINS yielded the highestR andr values for the most part.
However, because different alignment algorithms use different gap/mismatch paramters in
different cases, it is actually theζ ′ value which holds the most significance (with higher
ζ ′ indicating that the alignment is less likely to happen “by chance”). Many of the ge-
nomic alignments yielded by the four tools have caught exonsin the alignment, but most
of these exons caught aren’t included in the “good” regions of the alignment, because the
Karlin-Atschul probability concluded that their results are unreliable. Figure 3 is an exam-
ple of this, since here, both PLAINS and LAGAN identify most of the exons in the human
sequence, but we only count the exons that the tools identifyas lying within the “good”
regions.

The MousePseudo (alignments of Mouse genes against corresponding pseudogenes),
and humanHomol (alignment of Human genes against homologous Mouse genes) runs
were, for the most part, a relatively close competition between the four alignment tools,

10 Note that all gap parameters are normalized by dividing by the reward-per-match value of an alignment tool. This is
done in order to fairly compare one tool to another. Also, forthe same reason, allR scores reported in this paper are
also divided by a tool’s reward-per-match value.
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Test Name PLAINS EMBOSS LAGAN LALIGN
R r ζ′ R r ζ′ R r ζ′ R r ζ′

humanHomol_15 116.871 1 0.894 110.000 1 0.686 112.000 1 0.745 110.000 1 0.686
humanHomol_16 2184.956 1 68.343 1751.000 2 48.256 2064.917 1 64.370 1568.200 4 32.441
MousePseudo1 267.956 2 3.168 265.200 2 3.087 268.000 2 3.169 166.000 1 2.965
MousePseudo2 106.319 1 0.562 203.200 2 0.784 109.667 1 0.658 109.400 1 0.650
MousePseudo3 0.000 0 X 0.000 0 X 0.000 0 X 0.000 0 X
HumanPseudo1 281.992 3 1.881 255.200 3 1.437 83.250 1 0.470 84.400 1 0.502
HumanPseudo2 281.851 3 1.372 0.000 0 X 89.000 1 0.332 0.000 0 X
HumanPseudo3 1782.646 8 21.827 1066.700 5 11.998 1383.583 8 16.858 439.200 2 5.415
HumanPseudo4 110.620 1 0.538 0.000 0 X 0.000 0 X 0.000 0 X
HumanPseudo5 446.425 3 2.909 138.000 1 0.901 142.667 1 1.046 131.000 1 0.689

HFugu2r 322.784 2 2.523 0.000 0 X 0.000 0 X 0.000 0 X
HFortho1 282.933 2 1.381 0.000 0 X 0.000 0 X 0.000 0 X
HFortho2 452.657 2 6.158 234.600 1 3.808 215.667 1 3.182 0.000 0 X
HFortho3 627.357 4 3.894 0.000 0 X 0.000 0 X 0.000 0 X
HFortho4 737.478 4 6.071 0.000 0 X 0.000 0 X 0.000 0 X
HFortho5 217.274 1 3.328 0.000 0 X 0.000 0 X 0.000 0 X

Table 3.Related Run Scores for PLAINS, EMBOSS, LAGAN, and LALIGN.

Test Name PLAINS EMBOSS LAGAN LALIGN
R r ζ′ R r ζ′ R r ζ′ R r ζ′

HFncd1 0.000 0 X 0.000 0 X 0.000 0 X 0.000 0 X
HFncd2 0.000 0 X X X X 0.000 0 X 0.000 0 X
HFncd3 0.000 0 X X X X 0.000 0 X 0.000 0 X
FFcd1 0.000 0 X 0.000 0 X 0.000 0 X 0.000 0 X
HFcd1 0.000 0 X 0.000 0 X 0.000 0 X 0.000 0 X
HHcd1 139.604 1 1.568 0.000 0 X 0.000 0 X 0.000 0 X
HMcd1 341.872 2 3.517 0.000 0 X 0.000 0 X 0.000 0 X
MFcd1 0.000 0 X 0.000 0 X 0.000 0 X 0.000 0 X
MMcd1 0.000 0 X 0.000 0 X 0.000 0 X 0.000 0 X

Table 4.Unrelated Run Scores for PLAINS, EMBOSS, LAGAN, and LALIGN.
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in terms of the actual alignments obtained, especially between PLAINS and LAGAN. This
shows either the difference of linear gap functions over piecewise-linear gap functions, or
the difference of using general-case gap parameters over using customized gap parameters
per species, or possibly both.

For most of the HumanPseudo (alignments of Human genes against corresponding
pseudogenes) runs, PLAINS and LAGAN yielded alignments with many similar correla-
tions, but the results reported by PLAINS are more reliable (higherζ ′ values). One il-
lustration of this is figure 3, which compares the results of PLAINS to LAGAN for Hu-
manPseudo5 in further detail. Furthermore, in HumanPseudo4, PLAINS was the only tool
to catch any significant correlation.

The CD1 and HFncd experiments involved unrelated nonrandomsequences. This was
why, for the most part, no correlation was caught by PLAINS, EMBOSS, LAGAN, and
LALIGN in any of these experiments.11 The correlations that PLAINS caught in the Human-
Human and Human-Mouse CD1 experiments are protein codon homologies, most of them
being a short stretch of perfect matches located relativelyclose to each other. Although
these runs were meant to check how PLAINS behaves with unrelated sequences, the corre-
lations PLAINS caught could ironically hold some sort of importance that has been usually
ignored.

However, the most interesting results obtained were in the HFugu2r and HFortho runs,
the runs involving genomic Human and Fugu sequences. Since the evolutionary distance
between the human and fugu species is significantly long, oneexpects even the most con-
served exon regions of the orthologous gene in the two genomes to have diverged quite a lot
(despite the protein sequences still sharing high homology). Futhermore, the two genomes
have very different gene structures — the genes in the Fugu genome have very short in-
trons, while the introns in the Human genome are usually verylong. Hence, the results
PLAINS shows over the other alignment tools is no small matter.

In all of these alignments exceptHFOrtho2 , PLAINS is the only tool that catches
significant matches. For HFortho2, PLAINS recieved the most reliable results, followed by
EMBOSS, and then LAGAN. Here, not only is theζ ′ value for PLAINS better than that of
EMBOSS, but PLAINS also caught more common exons between the two related genomic
sequences. Therefore, as PLAINS currently stands, it holds promise of becoming a tool
of choice for aligning several thousand nucleotide DNA sequences, and possibly also for
identifying exons between two genomes as diverged as human and fugu. Figure 3 shows
more details.

Each run of PLAINS to optimize gap/mismatch parameters on a pair of species took
30 minutes to2 hours. The relatively long time taken by PLAINS is due to its need for
computing several hundred alignments under various gap/mismatch parameters before de-
ciding which gap/mismatch parameters are the most optimal.When ran using fixed-set
gap-mismatch parameters, PLAINS ran in just under a minute, a constant factor of at most
5.6 times slower thanEMBOSS. The reason for this slowdown is manifold: (1) PLAINS uses
a linear space table instead of the quadratic space typical of dynamic programming, and (2)

11 Although this isn’t reported in the paper, PLAINS EMBOSS, LAGAN, and LALIGN all catch no correlations when
given randomly generated DNA sequences of lengths up to8000.
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Fig. 2. Match Ratio Color Lines in the HFOrtho2 test for PLAINS and EMBOSS. Here, the Human and Fugu sequence
used have six exon regions that correspond to each other (though not necessarily in order, as exon region 2 in the Fugu
sequence corresponds to exon region 3 in Human sequences forexample). Here, both PLAINS and EMBOSS correctly
identify the correlation of exon region 2 in Fugu with exon region 3 in Human, but only PLAINS identifies the correlation
of exon region 5 in Fugu with exon region 5 in Human.

there is constant extra overhead in using Linked-List Assistance (mentioned earlier) to help
create an alignment.

Plains can easily align a pair of sequences, each with nucleotides of up to8Kb. It can
either (1) seek the best gap-mismatch parameters for a givenpair of sequences and align
with those parameters, or (2) use a user-specified set of gap-match parameters to align
the pair of sequences. In (1), the runtime typically ranges from 30 minutes to2 hours.
In (2), the runtime typically ranges from10 seconds to1 minute. Plains can either be
used via commandline, or as part of the Valis tool set. More information can be found
at http://bioinformatics.nyu.edu/˜gill

4 CONCLUSIONS ANDFUTURE WORK

PLAINS able to catch more important correlations than its competition, especially in se-
quences of distant relation like Human and Fugu. And, PLAINS is also capable of distin-
guishing unimportant regions from important ones (since PLAINS catches no important re-
gions for randomly generated DNA sequences, and DNA sequences from Human/Mouse/Fugu
with no protein codon homologies). All of this makes the results yielded by PLAINS quite
satisfying.

However, it has become apparent that some upwards scaling isessential if PLAINS is to
be run over sequences with more than8000 nucleotides. Plains, as it stands, essentially per-
forms localized alignment (since it discards leftmost and rightmost nucleotides that would
be aligned against gaps), and therefore, it is only fit for sequences of up to8000 nucleotides.

Possible future extensions include scaling Plains to search large sequences (of mega
bases of nucleotides) for smaller areas where localized alignments can be performed, and
then combining localized alignments to globalized alignments. PLAINS could become the
ideal tool for aligning EST sequences to a genome.
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Fig. 3. Match Ratio Color Lines in the HumanPseudo5 test for PLAINS and LAGAN. Here, the Human sequence has 8
exon regions that are similar to areas of the pseudosequenceused, and alignments of PLAINS and LAGAN for these cases
are similar, even by eyeglance of the ColorGrids. Note that although PLAINS and LAGAN catch most of these regions
in their alignments, we’re only counting the exon regions that participated in “good” segment pairs. With this in mind,
PLAINS and LAGAN both identify exon region 4 as important, but PLAINS also deems exon regions 6 and 7 in the Human
sequence as important, which LAGAN misses.

Another possible extension involves adding a model to learnexpected alignments over
various species, as opposed to just merely approximating the best gap/mismatch parame-
ters.

Further extension includes development of better statistics taking into account the base-
pair compositions of the sequences (e.g., Nucleotide-bias, CG content, dinucleotides distri-
bution, codon bias, etc.). Plains, at the moment, assigns a score of 1 to a perfect match, and
a score of ms (specified by user) to any mismatch. It may be useful to have a scoring matrix
to assign different scores to different types of matches/mismatches. (For example, if align-
ing aC against aT is more common than aligning atC against aG, then perhaps we can
penalize theC-T mismatch less than theC-G mismatch when performing an alignment,
etc.)
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Appendix
A NAMES OF THESEQUENCESUSED

Tables 5 and 6 list the specific sequences used in the experiments ran on PLAINS, EMBOSS,
LAGAN, and LALIGN.

Name First Sequence Second Sequence

humanHomol_15 ENST00000263253 ENSMUST00000050968
humanHomol_16 ENST00000263253 ENSMUST00000068387

MousePseudo1 ENSMUSG00000016720 pseudogene
MousePseudo2 ENSMUSG00000004038 pseudogene
MousePseudo3 ENSMUSG00000034321 pseudogene

HumanPseudo1 ENSG00000087086 pseudogene
HumanPseudo2 ENSG00000164104 pseudogene
HumanPseudo3 ENSG00000079432 pseudogene
HumanPseudo4 ENSG00000135486 pseudogene
HumanPseudo5 ENSG00000101210 pseudogene

HFugu2r ENSG00000111845 SINFRUG00000137119 (reverse-complement)
HFortho1 ENSG00000183628 SINFRUG00000128815
HFortho2 ENSG00000099937 SINFRUG00000140660
HFortho3 ENSG00000142168 SINFRUG00000132716
HFortho4 ENSG00000138764 SINFRUG00000152968
HFortho5 ENSG00000057757 SINFRUG00000123004

Table 5. Sequence Details for the Related Experiments Ran. All the sequences are retrieved from ENSEMBL database
[www.ensembl.org].

Name First Sequence Second Sequence

HFncd1 Human NCBI34:1:190164774:190174772 FUGU2:scaffold_5343:1:5999:1
HFncd2 Human NCBI34:22:32724006:32744004:1 FUGU2:scaffold_3421:1:9999:1
HFncd3 Human NCBI34:10:56721585:56731583:1 FUGU2:scaffold_1415:1:6999:1

FFcd1 SINFRUT00000127255 SINFRUT00000165154
HFcd1 ENSG00000150967.3 SINFRUT00000127255
HHcd1 ENSG00000150967.3 ENST00000259748
HMcd1 ENSG00000150967.3 ENSMUST00000025930
MFcd1 ENSMUST00000025930 SINFRUT00000165154
MMcd1 ENSMUST00000031354 ENSMUST00000024034

Table 6.Sequence Details for the Unrelated Experiments Ran. All thesequences are retrieved from ENSEMBL database
[www.ensembl.org].

B HOW PLAINS GENERATES ANALIGNMENT

Recall from earlier that the two strings to be aligned are denotedX andY , and their re-
spective lengths arem andn, and the penalty for each mismatch is denoted asms.
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Also recall ourp-part piecewise-linear functionww(·), where, for some valuei such
thatkp̃−1 < i ≤ kp̃, ww(i) is defined as:

ww(i) = wo + [wcp̃(i − kp̃−1)] + Σ p̃−1
u=1[wcu(ku − ku−1)].

Note that, for anyi from 1 to m, a simple hashtable can help us figure out inO(1)
time12 which line of our piecewise-linear curves that anx-value ofi is at. This, combined
with explicitly saving to memoryww(ku) for all u from 0 to p − 1, lets us computeww(i)
for any giveni from 1 up tom in O(1) time.

Using a givenp-part piecewise-linear gap functionww(·) and mismatch penaltyms,
PLAINS generates an alignment forX andY of lengthsm andn by maximizingV (m, n),
whereV (·, ·) is a two-dimensional scoring function such thatV (i, j) denotes the best score
for aligning X[1 . . . i] with Y [1 . . . j]. To assist the computation ofV (·, ·), we will use
functionsE(·, ·), F (·, ·), andG(·, ·), whereE(i, j) is the score for aligningX[1..i] with
Y [1..j] when we end with the “solid” character at the end ofY ’s suffix aligned against a
gap,F (i, j) is the score for aligningX[1..i] againstY [1..j] when we end with the “solid”
character at the end ofX ’s suffix aligned against a gap, andG(i, j) is the score for aligning
X[1..i] againstY [1..j] when we end with the “solid” characters at the end of the suffixes
of X andY aligned against each other (and they can be matched or mismatched). Because
we are dealing with simple alignment of DNA sequences, assumes(c, d) gives a score of1
whenc = d, and score of−ms whenc 6= d.

With all of this, dynamic programming scoring model for an alignment used by PLAINS
is:

V (0, 0) = 0;

V (i, 0) = E(i, 0) = −ww(i),

V (0, j) = F (0, j) = −ww(j);

V (i, j) = max{E(i, j), F (i, j)G(i, j)},

G(i, j) = V (i − 1, j − 1) + s(X[i], Y [j]),

E(i, j) = max
0≤k≤j−1

[V (i, k) − ww(j − k)],

F (i, j) = max
0≤k≤i−1

[V (k, j) − ww(i − k)].

If p, the number of lines used in theww(·) function is set to1, the scoring model mentioned
above resembles Smith-Waterman13. If p is set tom, then the scoring model mentioned
above resembles Needleman-Wunsch.

B.1 Linked-List Assistance

Plains uses a Linked-List Assistance technique similar to that of Miller and Myers [10].
This technique involves considering possible solutions for the E(·, ·) andF (·, ·) entries
before we explicitly compute them. To gain an intuition intothis technique, first suppose
thatj is fixed in order to keep the discussion simple for the moment.Next, leteval(k, i) =
V (k)−ww(i−k), and letcandk(i) denote thek′ value, wherek′ ≤ k, such thateval(k′, i)

12 Since the length of a gap is at mostm, we will never need to computeww(i) for anyi larger thanm.
13 Except that Smith-Waterman modifiesE(·, ·) andF (·, ·) to improve runtime specifically for the case of affine gap

functions
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is maximized, and letcand(i) denote thek′ value, wherek′ < i, such thateval(k′, i) is
maximized. (Note thatcandi−1(i) = cand(i).)

Then, on thei′th iteration, withi′ < i, once we figure out whatV (i′) is, we can simply
takek′ = candi′−1(i), and compareeval(k′, i) with eval(i′, i), and whichever of these two
values is greater dictatescandi′(i). Wheni′ = i − 1, this gives uscand(i), and thus on the
ith iteration, we knowF (i) (and subsequentlyV (i)) in O(1) time without needing to look
backwards at previousV (·) entries. Next, note that:

– (S1) If by thekth iteration of our algorithm, we know that, for somea, b, q and for alli′

in [a, b], q = candk(i
′). Then we can represent this fact with one data structure, instead

of b − a + 1 of them.
– (S2) In all practical cases, our gap functionww is convex (meaning thatww(i) increases

asi gets larger, but the rate of increase itself decreases asi gets larger). In this situation,
we know that if for somei′ > i, eval(i, i′) < eval(cand(i′), i′), then for alli′′ > i′,
we also know thateval(i, i′′) < eval(cand(i′′), i′′). Therefore, if at the end of theith
iteration, we were to scan thecandi(·) values in the order:candi(i + 1), candi(i +
2), . . . , candi(m), then we would see that thecandi(·) entries are nonincreasing (each
nextcandi(·) entry is either smaller or equal to the previous one).

From these facts, we can coalesce adjacent indices with the samecandi(·) values into
a single group. We can maintain one element per group in a datastructure. Each group can
be represented by a single element. This element will contain thewinner = candi(·) value
for all indices represented by the group, as well the valuev = V (winner), and the leftmost
and rightmost indices of the group,lwb andupb. The elements will be listed in order from
leftmost to rightmost indices in this listL. Clearly, we will have to add or delete elements
from L to correspond to groups being split off or merged when we go from theith iteration
to the(i + 1)th iteration. See example below:

-------------- -------------- --------------
| winner = i | | winner = 3 | | winner = 2 |
| v = 56 | | v = 12 | | v = 7 |
| lwb = i+1 |<---->| lwb = x+1 |<---->| lwb = r+1 |
| upb = x | | upb = r | | upb = q |
-------------- -------------- --------------

Furthermore, from (S2), we know that on theith iteration, if candi(i + 1) 6= i, then
for all i′ > i, candi(i

′) 6= i. Supposing that there exists ana such that for all̃i such that
i + 1 ≤ ĩ ≤ a, candi(̃i) = i, andcandi(a + 1) 6= i, then for alli′ > a, candi(i

′) 6= i.
Hence, on theith iteration, we can proceed on the elements ofL from left to right to
find the rightmost valuea such thatcandi(a) = i, delete any element of previous winner
entries, and add in a single leftmost element toL with i as its winner, andlwb andupb set
accordingly.

In the case that on theith iteration, there is an element inL is such thatcandi(lwb) = i,
but candi(upb) 6= i and we need to know which index within the group is the largesta
such thatcandi(a) = i, then, we simply take the element’s previous winner value ofk, itsv
value, and consider forx the plots ofv−ww(x−k) versusV (i)−ww(x− i). We seek the
point where the first plot intersects the second one. The two plots involvep-part piecewise-
linear curves, and binary search over the lines of these curves (which takesO(log p) time)
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tells us which lines on these curves contain the intersection. At this point, we can get the
intersection point itself inO(1) time. From this, we get the largesta such thatcandi(a) = i,
with lwb ≤ a ≤ upb, and then update the elements ofL accordingly.

This algorithm uses listL to obtain solutions forF (·) in O(m log p) time. At any time,
PLAINS always hasO(p) elements inL (andp << m typically). The proof for the main al-
gorithmic difference over the Miller-Myers method: theO(p) worst-case space complexity
of L, is presented in appendix D.

For now, suppose that we are to return to our two-dimensionalcomputational model,
but use it in the manner outlined here. PLAINS computes entries to theV , E, F , andG
tables column by column. For each rowj, we computeF (·, j) with the help of a listLj (so
we maintain listsL0, L1, . . . , Ln and each list is updated in the manner explained earlier),
and for each columni, we computeE(i, ·) using the help of a listR (which gets updated
in a manner similar to that ofL for theF entries, except that when we finish computing a
column of our table, we emptyR so it can be reused when proceeding to the next column).
Clearly, the updates forR and eachLj list are interweaved. This impliesO(mn log p) time
complexity, and further implies that all lists combined take upO(np) space, assuming each
list usesO(p) space.

See appendix sections C and D for an explaination of how PLAINS usesO(n) space
from theV (·, ·), E(·, ·), F (·, ·), andG(·, ·) tables, and a proof of correctness for the scheme
used.

C TABLE SPACE REDUCTION

PLAINS uses onlyO(n) space for its dynamic programming tablesV , E, F , andG because
it exploits a method, generalizing several ideas first described by Hirschberg, and later
Miller-Meyers[11]. This space-optimal approach, in addition to usingX andY to compute
tablesV , E, F , andG, also usesXr andY r (the reversed strings ofX andY ) to compute
tablesV r, Gr, Er, andF r.14 We maintain listsLr

j to assist in computingF r(·, j), and list
Rr to assist in computing eachith column ofEr(i, ·) in a manner similar to the way we
usedLj for F (·, j) andR for E(i, ·). However, PLAINS saves only thet most recently
computed columns ofV , E, F , G, V r, Er, F r, andGr, wheret is some fixed constant15.

In this manner by computingV , E, F , G for X[1..m/2] andY [1..n], andV r, Er, F r, Gr

for Xr[1..m/2] andY r[1..n] (which are reallyX[(m/2)+1...m] andY [1..n]), PLAINS uses
a “maximum criteria” explained below to obtain a “middle” subalignment from the saved
portions ofV , E, F , G, andV r, Er, F r, Gr. With this “middle” subalignment known,
and just as in Hirschberg’s algorithm, PLAINS makes two recursions, one to obtain a sub-
alignment for the left characters ofX andY , and another to obtain a subalignment for the
right characters ofX andY . We glue all of these subalignments together to get the overall
alignment forX andY .

14 Here,V r(i, j) denotes the score for the firsti entries ofXr and the firstj entries ofY r—in other words, the lasti
entries ofX and the lastj entries ofY . And, Er(i, j), F r(i, j), andGr(i, j) behave similar toE(i, j), F (i, j), and
G(i, j) over the firsti entries ofXr and the firstj entries ofY r.

15 We can correctly maintain theLj , Lr
j , R andRr lists and correctly compute all table entries while only saving thet

most recent columns, since any earlier importantV andV r values we need to look at are saved in the lists themselves.
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This method of usingO(n) space for the tables to get an alignment increases overall
runtime by at most a constant factor compared to the intuitive O(mn) space method of
saving all columns of all tables. Hence, the overall runtimefor PLAINS in creating an
alignment isO(mn log p).

To explain the “maximum criteria” selection, letcandL
k (i, j) denote thecandk(i) de-

rived from listLj, and letevalj(k, i) denoteV (k, j)−ww(i−k) (essentially,evalj(k, i) is
the two-dimensional version ofeval(k, i)). And letgr(k) denoteV (m/2, k)+V r(m/2, n−
k). Also, leter(k, k′) denoteV r(m − k′, n − k) + evalk(candL

m/2(k
′, k), k′).

Whenp is1, V (m, n) = maxk[gr(k)], as proven by Hirschberg. Therefore, whenp = 1,
it is satisfactory to select our “maximum criteria” to select a k such thatgr(k) is max-
imized, then useV (m/2, k) andV r(m/2, n − k) to obtain two subalignments from the
saved columns ofV andV r based on this. Then, we glue these subalignments to make a
“middle” subalignment (and this is essentially the subalignment that uses middle bits of
X).

Whenp > 1, eachLj list is computed assuming the indicesi can range from0 to m,
not 0 to m/2 (even though that may be all we need for theV table). Then, by the end of
computing theV table, we will useLj while computing theV r table andLr

j lists16 to obtain
rc(j) values17 for eachj, denoting an endpoint forX against a gap that uses rowj of our
tables. If we leter(k, k′) denoteV r(m − k′, n − k) + evalk(candL

m/2(k
′, k), k′), then our

“maximum criteria” becomes to select ak that maximizes

k∗ = arg max
k

{gr(k), er(k, rc(k))}.

For our chosenk, in the event thater(k) is larger, then we know our optimal alignment
usesX against a gap, with this gap starting in the first half ofX and ending in the second
half ofX, and we havecandL

m/2(rc(k), k) andrc(k) the right and left endpoints to this gap,
and we will use this to construct a subalignment with this gap, and use whatever we saved
of V andV r to obtain any additional subalignment parts for charactersleft and right of this
gap. All of this combined gives us our “middle” subalignment.

Similarly, for our chosenk, in the event thatgr(k) is larger, then we know our optimal
alignment does not involveX against a gap with this gap starting in the first half ofX and
ending in the second half ofX. Therefore, we can simply trace the subalignments from the
appropriate points in theV andV r tables the same way we would for thep = 1 case to get
our “middle” subalignment.

The proof of correctness for our selection ofk in this manner is deferred to the next
section.

D PROOFS TO THENONTRIVIAL PORTIONS OFPLAINS

In creating an alignment from a given set of parameters, there are two features PLAINS has
that makes it stand out from the literature it derives from. First, PLAINS usesO(np) space

16 Note that while computingV r, we are only going to read entries fromLj , not make any changes to it.
17 Formally, rc(j) is the i value in range[m/2, m] such thater(j, i) is maximized. A deeper intuition forrc(j) is

explained in the next section.
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in the worst-case scenario. Second, under its given space and runtime bounds, PLAINS

obtains the correct alignment based on the given piecewise-linear functionww(·).
These two features of PLAINS also happen to be nontrivial and tedious, which was why

they were not elaborated and proven earlier when we were describing how PLAINS creates
an alignment. For the second of these two features, note thatproving the correctness of
alignment obtained by PLAINS boils down to proving the correctness of the “maximum
criteria” selection employed by PLAINS when usingV andV r tables to help create our
alignment. We will now proceed with these nontrivial proofs.

D.1 PROOF FOR THEO(np) SPACE BOUND, THE PLAINS INNOVATION

Earlier, we stated that we are usingO(np) space worst-case when usingp-part piecewise-
linear functionww(·) (and whenp ≪ m, as is in PLAINS, then this results in a substantial
improvement over the quadratic space complexity). This, infact, is the main innovation of
PLAINS over the original intuitions of Miller-Myers.

As explained earlier, PLAINS usesO(n) space from the tables because it saves the
t most recently computed columns of all tables, and uses recursion to obtain unknown
portions of the alignment. The space taken up by the recursions isO(log m), however in
practice,m andn are assumed to differ from each other by a constant factor, and hence the
O(log m) space used by recursion is less than theO(n) space used by the tables.

What uses the most space in the PLAINS algorithm is not the tables, but the lists of
form Lj , Lr

j , R andRr used to compute the tables. We will now prove that each list used in
PLAINS usesO(p) space.

Suppose for simplicity that we fixj so that we are dealing for alli with V (i) and
F (i), and we use linked-listL to obtain the much-needed solutions forF andV . (I.e.,
V (i) = V (i, j) andF (i) = F (i, j) andL is how we get values forV andF .)

CLAIM : For p-part functionww(·), L will always have at mostp elements in it.
PROOF: In the beginning, wheni = 0, L starts with one element. Later on, in someith

iteration, after we just finished computingV (i), if we split an element ofL with winnerk
and valuev (wherev = V (k)), then this implies that, for somex, thekth plot of v−ww(x−
k) intersects theith plot of V (i)−ww(x− i) (i.e.,V (i)−ww(x− i) = v−ww(x− k) for
somex). However, both of these plots are identical in shape. By translating one horizontally
and vertically, this plot can fit perfectly into the other.

Therefore, in considering the lines from both plots that intersect (assumingp1th line
from theith plot and thep2th line from thekth plot intersect), sincek < i, thep1th line
from theith plot must have a higher downward slope than that of thep2th line from thekth

plot. Thereforep1 < p2. (So, a given line from theith plot intersects a later line from the
kth plot.)

Hence, if listL hasp elements, this implies having foundp−1 intersections, each from
a different plot. This means that we havecand(·) values taken from theur1th line of some
q1 plot intersecting theul2th line of someq2 plot, and theur2th line of theq2 plot intersects
theul3th line of theq3 plot, and so on up to theqp plot, and therefore:

ur1 < ul2 ≤ ur2 < ul3 ≤ ur3 · · ·urp−1 < ulp.
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However, all of these plots have exactlyp lines. Therefore, in this case, for eachh from 1
to p, ulh = urh must be true. Hence for allh from 1 to p, theulh values correspond to all
the lines of ourww function (meaningulh = h for all h).

Hence in this case, for each elementg in L, if g uses theqh plot for some valueh, then
only one line from theqh plot, theulhth line, can give the best solution for indices from the
[gl, gr] interval (gl andgr are thelwb andupb values for elementg in list L).

Therefore, if during theith iteration, we havep elements inL, then thei plot of V (i)−
ww(x − i) will have lines of the same slopes as those corresponding to linesul1 through
ulp. Therefore, if thep′th-line of theith plot intersects someqh′ plot (with h′ ≥ 2), then
all elements ofL derived fromqh plots withulh ≤ p′ will be discarded (i.e., at least one
element ofL will definitely get discarded, and one new element withi as itscand(·) value
is created, implying that total number of elements inL overall in thisith iteration will either
stay the same or decrease). Note that it is impossible for thei-curve’sp′th-line to intersect
theq1 plot.

Hence, it is never possible to increase the number of elements inL from p to p + 1. So
L always hasO(p) elements in it.

Therefore, in returning to our2-dimensional model, this argument implies that ourn
different linked lists of formLj andLr

j each useO(p) space, and similarly,R andRr also
each useO(p) space. Hence, total space used by all of the lists isO(np). QED

D.2 DEFINITION OF rc(j)

Before the next section, where we prove the correctness of the “maximum criteria” selec-
tion rule used by PLAINS, it may help to gain an intuition of the definition ofrc(j).

Suppose for the moment that we fix the indexj used by the algorithm in theV andV r

tables so that we flatten to one dimension in order to keep the arguments simple. Hence,
assumeV (i) = V (i, j), F (i) = F (i, j), V r(i) = V r(i, n − j), andF r(i) = F r(i, n − j).
We are thus saving the most recently foundt entries fromV andV r, wheret is some
constant18at least1.

During the computations ofV andV r, we use a linked listL to maintain solutions for
F , and a linked listLr to maintain solutions forF r. Next, assume that we compute all theF
andV entries before starting on theF r andV r entries, and we look atL while computing
V r (but we do not modifyL while computingV r).

Suppose also that while computingV , list L maintainscand·(i) for all i from 0 to m,
(even though we only need indices ofi from 0 throughm/2 to complete computations
for F andV ), and therefore, when we are done computingV andL, list L now has the
candm/2(i) values for alli from m/2 to m. Hence, after computingF andV , we know
that:

For any i in range[(m/2) + 1, m]: If i′ = candm/2(i), theni′ is the number in range
[0, m/2] such thatV (i′) − ww(i′ − i) is maximized.

Note that, during the process of computing theV r entries, one possible best alignment
solution in combining both theV andV r tables could beV (i′)−ww(i′ − i)) + V r(m− i)
(a solution with a gap starting in the first half ofX and ending in the second half ofX).

18 Saving thet most recently computed entries forV (·) andV r(·) corresponds to saving thet most recently computed
columns ofV (·, ·) andV r(·, ·) in our two-dimensional model.
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So, now suppose we have some extra variablerc equal to thei in range[(m/2) + 1, m]
such thatV (candm/2(i)) − ww(i − candm/2(i))) + V r(m − i) = eval(candm/2(i), i) +
V r(m − i) is maximized. We can figure out the value forrc while computing the entries
for V r using the listL. In considering all possible alignments that have a gap starting in the
first half of X and ending in the second half ofX, we know thatrc andcandm/2(rc) give
us the coordinates in the right and left halves ofX of the gap for the best-scoring alignment
of this type.

Switching over to using all rows in computing ourF , V , F r, andV r tables, we will
have, for each rowj from 0 to n, a valuerc(j) which is equal to thei in range[(m/2) +
1, m] such thatV (candL

m/2(i, j), j) − ww(i − candL
m/2(i, j))) + V r(m − i, n − j) =

evalj(candL
m/2(i, j), i) + V r(m − i, n − j) = er(j, i) is maximized.

D.3 PROOF OFCORRECTNESS IN“M AXIMUM CRITERIA” SELECTION

As mentioned earlier, in the PLAINS computation of theV andV r tables, the “maximum
criteria” selection is used to find ak that maximizesmax{gr(k), er(k, rc(k))}. Below we
give a proof for the correctness of this method.

In the alignment ofX againstY , two general cases may occur.

1. We may haveX aligned against a gap of a type starting in the first half ofX, and ending
in the second half ofX.

2. We do not seeX aligned against a gap of a type starting in the first half ofX, and
ending in the second half ofX.

When case (2) occurs19, it is feasible to alignX[1..m/2] againstY separately from
aligningX[m/2..m] againstY . Furthermore20, there exists ak′ such that for alli andi′ and
j, V (m/2, k′) + V r(m/2, n − k′) > V (i, j) + V r(m − i′, n − j) − ww(i′ − i).

Hence, we will obtain the correct alignment by selecting ak that maximizesgr(k).
Therefore, selecting ak such thatmax{gr(k), er(k, rc(k))} is maximized gives us the
correct alignment in this case.

When case (1) occurs, then there exists ani, i′, andj such that for allk′, V (i, j) +
V r(m − i′, n − j) − ww(i′ − i) > V (m/2, k′) + V r(m/2, n − k′). Furthermore, for a
fixed pair of i′ and j, note thati = candL

m/2(i
′, j), the candm/2(i

′) value from theLj

list, maximizesV (i, j) + V r(m − i′, n − j) − ww(i′ − i). Next, note that ifj is fixed,
settingi′ = rc(j) and hencei = candL

m/2(i
′, j) maximizesV (i, j) + V r(m − i′, n − j) −

ww(i′ − i) = V (candL
m/2(i

′, j), j) − ww(i′ − candL
m/2(i

′, j))) + V r(m − i′, n − j) =

evalj(candL
m/2(i

′, j), i′) + V r(m − i′, n − j) = er(j, i′). Therefore, we obtain the highest
scoring alignment by selecting ak′ that maximizeser(k′, rc(k′)). Therefore, by selecting a
k that maximizesmax{gr(k), er(k, rc(k))}, the algorithm computes the correct alignment
in this case.

19 This is essentially what theV andV r tables do.
20 Therefore for thisk′ value,gr(k′) > er(k′, rc(k′)).


