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ABSTRACT In this paper, we consider PLAINS, an algorithm that provides
efficient alignment over DNA sequences using piecewise-iar gap penalties that closely
approximate more general and meaningful gap-functions. Th innovations ofPLAINS
are fourfold. First, when the number of parts to a piecewiselinear gap function is
fixed, PLAINS uses linear space in the worst case, and obtains an alignmethiat is
provably correct under its memory constraints, and thus hasan asymptotic com-
plexity similar to the currently best implementations of Smth-Waterman. Second, we
score alignments inPLAINS based on important segment pairs; optimize gap parame-
ters based on interspecies alignments, and thus, identify one significant correlations
in comparison to other similar algorithms. Third, we describe a practical implemen-
tation of PLAINS in the Valis multi-scripting environment with powerful and intu-
itive visualization interfaces, which allows users to viewhe alignments with a natural
multiple-scale color grid scheme. Fourth, and most importatly, we have evaluated the
biological utility of PLAINS using extensive lab results; we report the result of com-
paring a human sequence to a fugu sequence, wheR:AINS was capable of finding
more orthologous exon correlations than similar alignmentools.

1 INTRODUCTION

Since biological sequences like DNA, RNA, and amino aciduseges, did not arisab
initio, but share a common ancestry and similar selection contra key focus in bioin-
formatics has been to enhance our ability to compare largebeu of these sequences
against each other. An effort of this kind can ultimatelyatague elements that are con-
served, motifs that are repeated, regions that are hyp&atetlior deleted, and segments
that are inserted and reinserted over and over. This pratasgs with aligning two or
more sequences with an algorithm that optimizes an alighswne, and often ends with
organizing a set of sequences in a global tree structureenthertree-distances roughly
correspond to the evolutionary distances. Both the scalledestance functions are deter-
mined by the underlying stochastic processes modelingrgerevolution, and must be
represented in a flexible manner in order to be faithful tddgg. But this sort of generality
often implies a loss of computational efficiency. This ditemis resolved through reliance
on simple algorithms, quasi-local cost functions (e.qedir gap penalty), and by apply-
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ing these algorithms only on short subsequences after mékely candidates have been
discarded.

To a rough approximation, DNA sequence alignment probldferdimarginally from
protein sequence alignment problem. (For instance, atexBcipl level, one may note that
DNA alignment is over an alphabet of 4 letters whereas pnakgnment is over an alpha-
bet of 20 letters). However, two key differences are thatligye are 3 bp DNA code per
amino acid, and that (2) genes in DNA sequences that ultlyngét transcripted and trans-
lated into proteins can be separated by intergenic regibfsaothousands of base pairs
that do not get expressed, and perhaps, are subject tangtyildifferent (or no) selection
constraints. Thus these intergenic regions typically targ greater extent in one species
compared to another. Therefore, we may expect the gap kengNA alignments to be
larger, more variable, and have specie-specific distobstiMoreover, these distributions
characterizing the gap-lengths may not be memory-less éx@onential distributions).
There have been suggestions that power-law distributicans lme more appropriate. The
evolutionary processes governing the genomes of speciésha log-likelihood of certain
indel gaps occurring when comparing one species againgtersuggest that a logarithmic
gap function is more appropriate for DNA sequences. Becalites, the traditional affine
(or linear) gap functions used for aligning proteins areatisactory for DNA sequences,
as the ultimate results may be biologically misleading.

In order to exploit the fidelity of general non-linear gap dtians for DNA sequences,
without suffering performance penalites associated wggint, we have chosen to use piecewise-
linear gap functions modeled to approximate the gap funstio a dynamic programming
approach. Here, we present an implementation of an alighalgarithm that uses rea-
sonable amount of memory, avoids a major shortcoming assacivith generalized gap
penalties, and only demands a loss of constant factox (6f6) in time complexity com-
pared to the best algorithm using an affine-gap model. Thave heen other algorithms
that also proposed piece-wise linear gap model (see Mlgzrs [10]), but we present
several additional theoretical innovations in terms of stmase upper-bound memory us-
age, alignment optimization, and visualization of data. Ndge the algorithm available
in a powerful bioinformatic environment, callédhlis. Our algorithm uses an innovative
learning-heuristic to determine the best score functiamear-optimal gap-penalty model,
and a scheme to compute p-values for reporting alignmeabikfies.

As we hope to demonstrate here by an extensive set of expgahresults, our algo-
rithm works satisfactorily for DNA sequences, and can ettgeal the underlying bio-
logical significances than other existing algorithms (engedle, swat, emboss, etc.). As
a concrete example, we present our alignment results fayghemic sequences of a pair
of orthologous genes in Human and Fugu. While all the altera@lignment algorithms
either fail by mis-aligning the exons in the Fugu sequencéymot identifying important
correlations, PLAINS is able to recover the orthologouatieh between exons in the Fugu
and Human sequences with good reliability. (See Fig. 3)

This paper is structured as follows: The first section infices the notations used
throughout this paper, overviews howANs aligns, and describes how RNsS does its
“log function to piecewise-linear function” approximatioalignment scoring, alignment
reliability computations, parameter optimization, anébcgrid scheme. The second sec-
tion describes the empirical results found from comparilagB to similar algorithms, and
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overviews the usage ofLRINS. The final section concludes with a discussion of possible
future extensions forIRAINS. The appendix gives the specific sequences used for the tests
ran on RAINS and similar alignment tools, as well as describes thei®s alignment
method in detail, including proofs of its space-bound anueminess.

2 THE PLAINS SCORING SYSTEM

We now explain several aspects afANS: its general notations, its alignment method, and
how it approximates a log function using a piecewise-lirfaaction, decides what a “best
alignment”is, computes reliabilities of its results, opizes parameters for alignments, and
visually displays alignments using a ColorGrid.

2.1 THE PLAINS ALIGNMENT METHOD

For the remainder of this paper, assume that the two strings ligned are denote&
andY’, and their respective lengths ateandn. Also, assume that the penalty for each
mismatch is denoted ass.

Next, ap-part piecewise-linear function is denotedas(-). This function has a-
intercept ofwo, and the slopes of the linear functions in successive iatearewc;, wes, . . ., wey,
and ther-values at which one interval ends and the next begins ate@h,, ko, . . ., k,—1,
andk, is thez-value where theu, linear function of slopevc, ends. Also, assume that
ko = 0, and that they,, function of slopewc, never ends (i.e., extends off into infinity).
Then, for some valuésuch that;_; < i < k;, ww(7) is defined as:

ww(i) = wo + [wep(i — ky_1)] + EP [wey(ky — kuor)].

For all practical purposes, it is sufficient to geto be at mosti0. With our mismatch
penaltyms and our piecewise-linear gap penalty function(-), and reward per match
fixed atl, PLAINS generates an alignment using a method similar to Miller-dsy10],
except that because RINS exclusively uses piecewise-linear gap functions (as ogghts
general gap functions), itis able to take advantage of awrithgn of its very own, and uses
O(np) space in the worst-caseFurther details of how IAINS generates an alignment,
and the proofs of it€)(np) space bound and the correctness of the computed alignment
obtained are all explained in appendices B, C, and D.

2.2 PLAINS LOG APPROXIMATION AND PARAMETER OPTIMIZATION

Recall our definition for a-part piecewise-linear gap functianu(-). For a given piecewise-
linear gap function and mismatch penalty, thea®is algorithm does find the best align-
ment for X andY. When a user asksLRINS to find the “best set” of gap-mismatch pa-
rameters that yield a “best alignmentRNS optimizes over four variables:, (3, d, and

ms. The penalty for each mismatch is denoted, as in the previous section. If the gaps

4 X andY should not be confused with andy, as the capital letters denote strings and the small lepesitions
within such strings.
® For all practical purposep, < 20, hence we can say that RINS uses worst-case linear space
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follow a power-law distribution, then the best gap penaltydtion, determined by the log-
likelihood, follows a log gap function. We have found thatls@gap functions give the best
alignments. Since piecewise-linear functions can be nead resemble convex general
functions (with some controllable degree of accuracy),RheINs optimization models
piecewise-linear functions to approximate the contindogarithmic function. In the ex-
treme case, such a piecewise-linear function assumes aa affiction (corresponding to
an exponential distribution for gap lengths), it retaine generality for a wide class of
distributions.

More specifically, the log gap penalty function ovés denoted & o In(i + 1) + 3.
For a givend, «, andj, ww(-) usesk, .. ., k, values set ta, 24, ...,p * d, and for eachu
from 0 to p, ww(k,) = alog(k, + 1) + 3, and from this, we can calculate the slape,
for eachuth line’, andwo is set tog.

Computational exploration reveals that varying anyrof, «, 3, andd results in dif-
ferent alignments. Each alignment is given a score “adaptiVi.e., the score given to
each alignment is not the same score found in the dynamiagmoyging table) in a way
explained in the next section, and among this collectionlighenents, the one with the
highest score is considered “the best.”

One can envision the gap/match-mismatch paraméters, d, ms) as a vectow, and
its corresponding score as a scatayf (v), wheref maps each vector to its corresponding
ratio score. So, for a given vectof, we can findf(v’) by performing an alignment using
parameters specified hy. Hence, the problemUAINS works over now becomes one of
finding a vectow to maximizef(v), which is a numerical optimization problem.

At the user’s request,LRRINS can find thev to optimize f(v) using either Simulated
Annealing or Genetic Algorithm. Both are explained in [Sinfirical runs over PAINS
have shown that Simulated Annealing yields better redoliisienetic Algorithm explores
the space ot more thoroughly. However, all of this should come of no sisegrsince (1)
Monte Carlo related methods are successful in optimizirggein Markov Models (which
are similar to sequence alignments), and (2) Genetic Atlgms typically consider subse-
guent solutions in a more random manner than Simulated Aimge®LAINS is designed
so that any algorithm to optimize gap/match-mismatch patars can easily be plugged
in instead of these two methods; for instance, one may s@aremeters with a somewhat
time consuming MCMC approach, or variants such as Gibbs lesitopEM.

2.3 THE PLAINS SCORING SYSTEM

For a fixed set of gap/match-mismatch parameterss, d, ms), PLAINS creates an align-
ment and scores it by grabbing segment pairs that yieldsd'd@oores. The sum of these
segment pairs’ scoreR is the value PAINS reports, and not the score obtained from the
dynamic table. This is because when we observe an alignmesnthe segment pairs of
high scores that are the only true items of significance.
There are many ways to optimally select segment pairs. Thieadehosen by ERINS

creates the alignment first, and uses the alignment to otitaisegment pairs. The reason

® Note:In is log, using base, andin(i + 1) is used instead dh(i), with the result that the function takes the value

= Bfor:=0.

" Note that for thepth line, we, is computed assuming thiag = p = d, even thougtk,, is later assumed to be infinity,
and thepth line of the piecewise-linear function is assumed to cargioff into infinity.
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PLAINS does not grab segment pairs from the dynamic table like nibst @lgorithms do
is because EnINS uses linear space in memory, and grabbing segment pairstifreiaty-
namic table would typically require quadratic space in s@rag or another. Furthermore,
PLAINS assumes that both mismatches and gaps are allowed in thesegairs (though
sparingly, since the segment pair has to be considered al”goe).

Using fixed constantd’, w, andp (wherelV is an integer, and andp are reals within
0, 1]), PLAINS obtains segment pairs from an alignmenof lengtha in following way:

(1) For allz from 1 to a — (W — 1), PLAINS computes aa(i) value, which is the
percentage of entries iA[i..i + W — 1] where a match has occurred. We then compute
u ando, the mean and standard deviation of puf-) values. Next, we mafkany pa(-)
values as “special” if they exceed+ wo.

(2) For eachu andv’ (with u <= ), if pa(u), pa(u + 1),...pa(u') are all marked as
“special”, butpa(u — 1) andpa(v’ + 1) are not, then we create a segment pair that ranges
from Afu..w'+W —1] (i.e., a segment pair that starts at the leftmost emify.) represents,
and ends at the rightmost entry tha{«’) represents).

(3) We trim each segment pait so that it starts and ends at a position in the aligment
where a match occurred. Next, we merge together any segraestipat overlap. (l.e., ifa
segment paiP; starts at positiom; and ends at position,, and a segment palt, starts at
positionu, and ends at position,, andu; < us, andv; > u,, we merge the two segment
pairs into a new segment paiwhich begins at;; and ends athaxz(vy, vs).)

(4) With all segment pairs representing non-overlappirgyores, we then proceed to
give a score to each segment pair. (I.e., if a segment/patarts at positiom and ends at
positionv, then we evaluate the score of subalignméjat .v| using our given gap/mismatch
penaltiesww andms. We continue to givd point per match. Note that all segment pairs
kept at step (4) must begin and end at a point in the alignmbateva match occurs.)

(5) For each scoré given to each segment pait, we compute the Karlin-Atschul
probabilityp = 1 — exp(—Kmne ") as outlined in [7]. We delete any segment pairs
whosep > p, since this signifies a segment pair that “occurs by chanod’does not
represent a significant relation betwe&nand Y. The choice of selection ok and \
values is described later.

(6) Ther segment pairs kept at this step are considered the “goods. e now
computeR, the sum of the scores of the “good” segment pairs. (I.ehefith “good”
segment pair has scofg, then we comput&® = X7_, [S;]).

We also computé, the Karlin-Atschul probability for the segments. Here, i§!
AS; — In(Kmn), andT, = S7 + ...+ 5., then as mentioned in [8], = X7 ,[S]] =
Y ASi—In(Kmn)| = AXT_ [Si]—rin(Kmn) = AR—rin(Kmn), and¢ = Prob(T, >
x) & % This acts as an overall probability for the “good” segmeaitg

Settingl = 50, w = 0.5, p = 0.5 empirically yields segment pairs that are reasonably
long, and have significantly higher matches than the alignirfieckground”. With these
values forl/ andw, we ran RAINS over900 pairs of randomly generated sequences, each
with lengths ranging fron00 thru 4000, and observed the “good” segment pairs com-
puted. (Note: We temporarily ommitted step 5 for these rthresstep where we eliminate

8 The choice of using: + wo as the cutoff value instead of a fixed constant givesIRs the flexibility to catch the
important regions in two sequences, regardless of how hagoak they are to each other
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segement pairs based on thevalues). From this empirical study, it was estimated that
K =3.31%10"*and\ = 0.0762.

Using our knowni', A\, W, w, p values, RAINS can take any prespecified gap/mismatch
paramtersns andww, and report for sequencéSandY the overall alignmen# obtained,
along with all the “good” segment pairs, their scores andlues, and thé? score and
value. In the event that= 0, thenR = 0 and R.AINS will report that no “good” segments
were obtained.

2.4 THE PLAINS COLORGRID METHOD

For visualization of the computed alignments, thenlRs program ported in Valis uses
a coloring grid to summarize high and low matched areasXfdound in the alignment.
It works as follows: For somé/ (different from V), we color in a grid with at mosid/
spots. We set color spatbased on the match percentage found&if, ..., m/M] in the
alignment; we set spat to a color based on the match percentage found jm/M +
1,...,2m/M] in the alignment; we set speétto a color based on the match percentage
found inX[(i —1)m/M+1,...,im/M] in the alignment; and so on. The coloring grid for
Y works in a similar way. Figures 3 and 3 are examples of thit) Wight colors such as
red, orange, yellow, and green signifiying high-match graad dark colors such as blue,
purple, brown, and black signifying low-match areas. Whigmifies any nucleotides of

or Y on the left/right sides that were unaligned.

Notice how here, the number of match percentages found is@$ize. The color com-
putations in this way has many advantages, such as how itdsathe limited resolution of
the computer screen compared to the size¥ @indY .

In addition to visualizing color grids for all ok andY’, users also have the option
to view portions ofX or Y by specifying a substring range for eith&ror Y, with the
Colorgrid of the unspecified sequence automatically reliaeepresent the corresponding
area in the specified sequence’s substring.

3 EMPIRICAL RESULTS

Two set of experiments were performed and used to compaxaB to similar alignment
tools. The first set involved related sequences. The seaimuslved unrelated sequences.
Tables 1 and 2 explain details regarding both sets of test amd appendix A elaborates
further.

We have chosen to compareANs against the similar localized DNA alignment tools
of EMBOSS, LAGAN, and LALIGN. LAGAN uses piecewise-lineaa functions just
like PLAINS, whereas EMBOSS and LALIGN use linear gap functions.

We made RAINS optimize the approximate best gap/mismatch parameteesdbas
the pair of species aligned, and the nature of the sequehceislresemblant of LAGAN'’s
techniques to account for the nature of certain species ifonpeing its alignments.In
contrast, EMBOSS and LALIGN each use a fixed set of gap/migmadrameters for all

9 LAGAN has special gap-parameters for Human and Mouse, Hufagu. For the runs using Human and Fugu se-
quences, the parameters where LAGAN got the best resultsseas



Name Species Lengths | SequencelLarge|ldentity Percentage

Nature |GapsPHomologous Regiory
humanHomol_15|Humanvs| 8Kvs. coding | no 86%(nt)
humanHomol_16| Mouse | 400-3000 90%(nt)
MousePseudol | Mouse |2.4K-9.6K 62%(nt)
MousePseudo2 VS. VS. noncoding yes 55%(nt)
MousePseudo3 |Pseudogene 400-500 56%(nt)
HumanPseudol 83%(nt)
HumanPseudo2 | Human |1.5K-11.2K 74%(nt)
HumanPseudo3 VS. VS. noncoding yes 85%(nt)
HumanPseudo4 |Pseudogerje 400-4000 74%(nt)
HumanPseudo5 75%(nt)
HFugu2r 58%(aa)
HForthol Human 6K-12K 55%(aa)
HFortho2 VS. VS. noncoding yes 52%(aa)
HFortho3 Fugu | 1.8K-3.6K 64%(aa)
HFortho4 52%(aa)
HFortho5 73%(aa)

| Name | Species | Lengths [Sequence Natufe
HFncdl1 Human 10K-20K

HFncd2 VS. VS. noncoding
HFncd3 Fugu 6K-10K

FFcdl

HFcd1 Human, Fugu, |1.5K-4.8K

HHcd1 and Mouse VS. coding

HMcd1 |(All six combinations)1.5K-4.8K

MFcd1

MMcd1l

n S

Table 1. Sequence Descriptions for the Related Experiments RanthAllsequences are retrieved from ENSEMBL
database [www.ensembl.org]. Note for the rightmost colufnn) indicates match percentage of nucleotides,) indi-
cates match percentage of animo acids after the two DNA segsere transcribed into proteins.

Table 2. Sequence Descriptions for the Unrelated Experiments RArnhé& sequences are retrieved from ENSEMBL
database [www.ensembl.org].
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species. We present a figure 3 showing the piecewise-lirsgarfignctions that BAINS
came up with for each species géir

+++ LALIGN

gol |+ EMBOSS

©+ LAGAN

—— Human-Fugu cDNA
70 Human-Human cDNA
—e— Human-Fugu Genomic
-6~ Human Pseudogene

60

Gap Penalty

0 10 20 30 40 50 60 70 80 90 100
Gap Length (bp)

Fig. 1. The Piecewise-Linear Gap Functions thatalNs came up with in optimizing thé? score for different species
pairs, along with the rescaled gap-paramters the othes tesal. Note that the LAGAN gap paramters shown here are its
default paramters. LAGAN uses a number of unspecified gagnpeters in aligning on a species by species basis.

All scores for all alignment tools were obtained directlyrfr the alignments and not the
dynamic programming table, as outline earlier in “TheaRis Scoring System” section.
In tables 3 and 4, we see respectively fhe:, and(’ values obtained from each run (where
("= —log(()). As explained earlier; is the number of “good” segment pait3 s the total
score of all those segment pairs, &nd the probability of having our “good” segment pairs
sum up toR. We choose to display thg values instead of th¢ values, becausg values
are easier to compare. Note that more reliable alignmemtesymond to smallef values,
and hence, largeY values. When no “good” segment pairs are found, an X is plasdte
¢’ value. In the HFncd2 and HFncd3 experiments, an X is placéidea’, r, and(’ values
for EMBOSS because EMBOSS ran out of memory aligning thoper@xents.

As these results show,LRINS yielded the highesk andr values for the most part.
However, because different alignment algorithms use mdiffegap/mismatch paramters in
different cases, it is actually th¢ value which holds the most significance (with higher
¢’ indicating that the alignment is less likely to happen “byawcte”). Many of the ge-
nomic alignments yielded by the four tools have caught exonise alignment, but most
of these exons caught aren’t included in the “good” regidits® alignment, because the
Karlin-Atschul probability concluded that their resulte ainreliable. Figure 3 is an exam-
ple of this, since here, bothLRINS and LAGAN identify most of the exons in the human
sequence, but we only count the exons that the tools ideasiflying within the “good”
regions.

The MousePseudo (alignments of Mouse genes against condisgg pseudogenes),
and humanHomol (alignment of Human genes against homofoitnuse genes) runs
were, for the most part, a relatively close competition lestw the four alignment tools,

0 Note that all gap parameters are normalized by dividing leyréward-per-match value of an alignment tool. This is
done in order to fairly compare one tool to another. Also ther same reason, ait scores reported in this paper are
also divided by a tool's reward-per-match value.



Test Name PLAINS EMBOSS LAGAN LALIGN
R r ( R r ( R r ( R r (

humanHomol_15 116.871 1 0.894 110.000 1 0.686 112.000 1 0.745 110.000 160.68
humanHomol_16 2184.956 1 68.343 1751.000 2 48.256 2064.917 1 64.370 1663.32.441

MousePseudol 267.956 2 3.168 265.200 2 3.087 268.000 2 3.169 166.000 152.96
MousePseudo2 106.319 1 0.562 203.200 2 0.784 109.667 1 0.658 109.400 100.65
MousePseudo3 0.000 0 X 0.000 0 X 0.000 0 X 0.000 0 X

HumanPseudol 281.992 3 1.881 255.200 3 1.437 83.250 1 0.470 84.400 1 0.502
HumanPseudo2 281.851 3 1.372 0.000 0 X 89.000 1 0.332 0.000 0 X
HumanPseudo3 1782.646 8 21.827 1066.700 5 11.998 1383.583 8 16.858 439226.415
HumanPseudo4 110.620 1 0.538 0.000 0 X 0.000 0 X 0.000 0 X
HumanPseudo5 446.425 3 2.909 138.000 1 0.901 142.667 1 1.046 131.000 190.68

3
HFugu2r 322.784 2 2523 0.000 0 X 0.000 0 X 0.000 0 X
HForthol 282933 2 1.381 0.000 0 X 0.000 0 X 0.000 0 X
HFortho2 452.657 2 6.158 234.600 1 3.808 215.667 1 3.182 0.000 0 X
HFortho3 627.357 4 3.894 0.000 0 X 0.000 0 X 0.000 0 X
HFortho4 737.478 4

1

6.071 0.000 0 X 0.000 0 X 0.000 0 X
0

HFortho5 217.274 1 3.328 0.000 X 0.000 0 X 0.000 0 X

Table 3. Related Run Scores forLRINS, EMBOSS, LAGAN, and LALIGN.

Test Name PLAINS EMBOSS LAGAN LALIGN
R r ( R »r¢ R r¢ R r(
HFncdl  0.000 X 0.000 0 X 0.0000 X 0.0000 X
HFncd2  0.000 X X X X 0.0000 X 0.0000 X
HFncd3  0.000 X X X X 0.0000 X 0.0000 X
FFcdl 0.000 X 0.000 0 X 0.0000 X 0.0000 X
HFcdl 0.000 0 X 0.000 0 X 0.0000 X 0.0000 X
HHcdl 139.604 1 1.568 0.000 0 X 0.000 0 X 0.000 0 X
HMcdl 341.872 2 3.517 0.000 0 X 0.000 0 X 0.000 0 X
MFcd1 0.000 0 X 0.000 0 X 0.0000 X 0.0000 X
MMcdl 0.000 0 X 0.000 0 X 0.0000 X 0.0000 X

oo O O

Table 4. Unrelated Run Scores forLRINS, EMBOSS, LAGAN, and LALIGN.
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in terms of the actual alignments obtained, especially betmR AINS and LAGAN. This
shows either the difference of linear gap functions ovecgigse-linear gap functions, or
the difference of using general-case gap parameters owvegy cigstomized gap parameters
per species, or possibly both.

For most of the HumanPseudo (alignments of Human genes sagaomresponding
pseudogenes) runsLRNS and LAGAN yielded alignments with many similar correla-
tions, but the results reported by ANS are more reliable (highef’ values). One il-
lustration of this is figure 3, which compares the results 0AIRs to LAGAN for Hu-
manPseudo5 in further detail. Furthermore, in HumanPsgudaINs was the only tool
to catch any significant correlation.

The CD1 and HFncd experiments involved unrelated nonrargkguences. This was
why, for the most part, no correlation was caught haiRs, EMBOSS, LAGAN, and
LALIGN in any of these experiment§. The correlations thatlRAINS caughtin the Human-
Human and Human-Mouse CD1 experiments are protein codomlogines, most of them
being a short stretch of perfect matches located relatigllye to each other. Although
these runs were meant to check howaRis behaves with unrelated sequences, the corre-
lations R.AINS caught could ironically hold some sort of importance that baen usually
ignored.

However, the most interesting results obtained were in thegd2r and HFortho runs,
the runs involving genomic Human and Fugu sequences. Sireceviolutionary distance
between the human and fugu species is significantly longegpects even the most con-
served exon regions of the orthologous gene in the two gesitoreave diverged quite a lot
(despite the protein sequences still sharing high homgldgythermore, the two genomes
have very different gene structures — the genes in the Fugarge have very short in-
trons, while the introns in the Human genome are usually \@ng. Hence, the results
PLAINS shows over the other alignment tools is no small matter.

In all of these alignments exceptFOrtho2 , PLAINS is the only tool that catches
significant matches. For HFortho2, ANS recieved the most reliable results, followed by
EMBOSS, and then LAGAN. Here, not only is thevalue for RAINS better than that of
EMBOSS, but PAINS also caught more common exons between the two related genomi
sequences. Therefore, asANS currently stands, it holds promise of becoming a tool
of choice for aligning several thousand nucleotide DNA szages, and possibly also for
identifying exons between two genomes as diverged as humdfugu. Figure 3 shows
more details.

Each run of RAINS to optimize gap/mismatch parameters on a pair of specids too
30 minutes to2 hours. The relatively long time taken by ANS is due to its need for
computing several hundred alignments under various gapiatch parameters before de-
ciding which gap/mismatch parameters are the most optiiiaen ran using fixed-set
gap-mismatch parameters,A/2NS ran in just under a minute, a constant factor of at most
5.6 times slower thaEMBOSSThe reason for this slowdown is manifold: (1)ANS uses
a linear space table instead of the quadratic space tydidghamic programming, and (2)

11 Although this isn’t reported in the paperL®Ns EMBOSS, LAGAN, and LALIGN all catch no correlations when
given randomly generated DNA sequences of lengths @0@6.
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13622bp
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PLAINS Alignment
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Fugu
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Human EMBOSS Alignment
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Fig. 2. Match Ratio Color Lines in the HFOrtho2 test for/Ns and EMBOSS. Here, the Human and Fugu sequence
used have six exon regions that correspond to each othemgtthaot necessarily in order, as exon region 2 in the Fugu
sequence corresponds to exon region 3 in Human sequencesafople). Here, bothRINS and EMBOSS correctly
identify the correlation of exon region 2 in Fugu with exogiga 3 in Human, but only PaINS identifies the correlation

of exon region 5 in Fugu with exon region 5 in Human.

there is constant extra overhead in using Linked-List Aaaise (mentioned earlier) to help
create an alignment.

Plains can easily align a pair of sequences, each with ntidésoof up toSKb. It can
either (1) seek the best gap-mismatch parameters for a gaierof sequences and align
with those parameters, or (2) use a user-specified set ofngdph parameters to align
the pair of sequences. In (1), the runtime typically rangesf30 minutes to2 hours.
In (2), the runtime typically ranges from) seconds tal minute. Plains can either be
used via commandline, or as part of the Valis tool set. Mofermation can be found
at http://bioinformatics.nyu.edu/"gill

4 CONCLUSIONS ANDFUTURE WORK

PLAINS able to catch more important correlations than its comipetitespecially in se-
guences of distant relation like Human and Fugu. AndyIRs is also capable of distin-
guishing unimportant regions from important ones (sincelRs catches no important re-
gions for randomly generated DNA sequences, and DNA segsdram Human/Mouse/Fugu
with no protein codon homologies). All of this makes the fesyielded by RAINS quite
satisfying.

However, it has become apparent that some upwards scaksgesitial if RAINS is to
be run over sequences with more tl#a00 nucleotides. Plains, as it stands, essentially per-
forms localized alignment (since it discards leftmost agtitmost nucleotides that would
be aligned against gaps), and therefore, it is only fit fouseges of up t8000 nucleotides.

Possible future extensions include scaling Plains to kelarge sequences (of mega
bases of nucleotides) for smaller areas where localizgdmlents can be performed, and
then combining localized alignments to globalized alignteeR AINS could become the
ideal tool for aligning EST sequences to a genome.
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Pseudo
Vs, 1bp || || |1344bp
Human
LAGAN Alignment
1bp 11140bp

Fig. 3. Match Ratio Color Lines in the HumanPseudo5 test forilRs and LAGAN. Here, the Human sequence has 8
exon regions that are similar to areas of the pseudosequesecde and alignments oL RINS and LAGAN for these cases
are similar, even by eyeglance of the ColorGrids. Note tliabagh R.AINS and LAGAN catch most of these regions
in their alignments, we're only counting the exon regioret gharticipated in “good” segment pairs. With this in mind,
PLAINS and LAGAN both identify exon region 4 as important, butA™NSs also deems exon regions 6 and 7 in the Human
sequence as important, which LAGAN misses.

Another possible extension involves adding a model to leapected alignments over
various species, as opposed to just merely approximatmdeist gap/mismatch parame-
ters.

Further extension includes development of better stesistiking into account the base-
pair compositions of the sequences (e.g., Nucleotide-8i@scontent, dinucleotides distri-
bution, codon bias, etc.). Plains, at the moment, assigosra sf 1 to a perfect match, and
a score of ms (specified by user) to any mismatch. It may beiuedhave a scoring matrix
to assign different scores to different types of matchesfmaiches. (For example, if align-
ing aC against " is more common than aligning at against &, then perhaps we can
penalize the”-T" mismatch less than th€-G mismatch when performing an alignment,
etc.)
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Appendix

A NAMES OF THE SEQUENCESUSED

Tables 5 and 6 list the specific sequences used in the expdsnaa on PAINS, EMBOSS,
LAGAN, and LALIGN.

| Name | First Sequence | Second Sequence
humanHomol_15| ENST00000263253 ENSMUSTO00000050968
humanHomol_16 | ENST00000263253 ENSMUST00000068387
MousePseudol [ENSMUSG0000001672( pseudogene
MousePseudo2 [ENSMUSG00000004039 pseudogene
MousePseudo3 [ENSMUSG00000034321 pseudogene
HumanPseudol | ENSG00000087086 pseudogene
HumanPseudo2 | ENSG00000164104 pseudogene
HumanPseudo3 | ENSG00000079432 pseudogene
HumanPseudo4 | ENSG00000135486 pseudogene
HumanPseudo5 | ENSG00000101210 pseudogene
HFugu2r ENSG00000111845 |SINFRUG00000137119 (reverse-complement)
HForthol ENSG00000183628 SINFRUG00000128815
HFortho2 ENSG00000099937 SINFRUG00000140660
HFortho3 ENSG00000142168 SINFRUG00000132716
HFortho4 ENSG00000138764 SINFRUG00000152968
HFortho5 ENSG00000057757 SINFRUG00000123004

Table 5. Sequence Details for the Related Experiments Ran. All theeseces are retrieved from ENSEMBL database
[www.ensembl.org].

| Name | First Sequence | Second Sequence |
HFncdl| Human NCBI34:1:190164774:190174772 FUGUZ2:scaffold_5343:1:5999:1
HFncd2|Human NCBI34:22:32724006:32744004:1 FUGUZ2:scaffold_3421:1:9999:1
HFncd3|Human NCBI34:10:56721585:56731583:1 FUGU2:scaffold_1415:1:6999:1
FFcdl SINFRUT00000127255 SINFRUT00000165154

HFcd1 ENSGO00000150967.3 SINFRUT00000127255
HHcd1 ENSGO00000150967.3 ENST00000259748

HMcd1 ENSG00000150967.3 ENSMUST00000025930
MFcdl ENSMUST00000025930 SINFRUT00000165154
MMcd1 ENSMUST00000031354 ENSMUST00000024034

Table 6. Sequence Details for the Unrelated Experiments Ran. Alb#uriences are retrieved from ENSEMBL database
[www.ensembl.org].

B How PLAINS GENERATES ANALIGNMENT

Recall from earlier that the two strings to be aligned areotissthX andY’, and their re-
spective lengths are andn, and the penalty for each mismatch is denotethas
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Also recall ourp-part piecewise-linear functiomw(-), where, for some valué such
thatk; , < i < k;, ww(7) is defined as:

ww (i) = wo + [wep(i — ky_1)] + S22 [wey(ky — kuor)].

Note that, for any; from 1 to m, a simple hashtable can help us figure outifl)
time*? which line of our piecewise-linear curves thatawalue ofi is at. This, combined
with explicitly saving to memoryvw(k,,) for all « from 0 to p — 1, lets us computerw(i)
for any giveni from 1 up tom in O(1) time.

Using a givenp-part piecewise-linear gap functiamwu(-) and mismatch penalty.s,
PLAINS generates an alignment faf andY of lengthsm andn by maximizingV' (m, n),
whereV (-, -) is a two-dimensional scoring function such thdt, j) denotes the best score
for aligning X'[1... ¢] with Y[1... j]. To assist the computation &f(-, -), we will use
functionsE(-,-), F(-,-), andG(-,-), whereE(i, j) is the score for aligning{[1..i] with
Y'[1..5] when we end with the “solid” character at the endYd$ suffix aligned against a
gap,F(i,7) is the score for alignind([1..i] againstY'[1..j] when we end with the “solid”
character at the end of’s suffix aligned against a gap, atd, j) is the score for aligning
X|[1..7] againstY'[1..j] when we end with the “solid” characters at the end of the sesfix
of X andY aligned against each other (and they can be matched or nuisetgt Because
we are dealing with simple alignment of DNA sequences, ass{imd) gives a score of

whenc = d, and score of-ms whenc # d.

~ With all of this, dynamic programming scoring model for algament used by ErINS
is:

V(0,0) = 0;

V(i,0) = E(3,0) = —ww(7),

V(0,)) = (0,5) = —ww(j);

V(i,j) = max{E(, j), (i, )G, 5)},
G(i,j) = V(i—1,j = 1) + s(X[i], Y[j]),
E(i,g) =  max [V(i, k) —ww(j - k)],
F(i,j) = max [V(k,j) —ww(i— k)].

0<k<i—1

If p, the number of lines used in theo(-) function is set td, the scoring model mentioned
above resembles Smith-Waternhanf p is set tom, then the scoring model mentioned
above resembles Needleman-Wunsch.

B.1 Linked-List Assistance

Plains uses a Linked-List Assistance technique similah& of Miller and Myers [10].
This technique involves considering possible solutionstifie £(-,-) and F'(-,-) entries
before we explicitly compute them. To gain an intuition inlds technique, first suppose
that is fixed in order to keep the discussion simple for the momsext, leteval(k,i) =

V (k) —ww(i— k), and letcand,, (i) denote the’ value, wheré’ < k, such thatval(k', 7)

12 Since the length of a gap is at meat we will never need to computew(:) for anyi larger thanm.

13 Except that Smith-Waterman modifié(-, -) and F'(-, -) to improve runtime specifically for the case of affine gap
functions
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is maximized, and letand(i) denote thet’ value, wheret’ < i, such thaieval(k', 1) is
maximized. (Note thatand,;_,(i) = cand(i).)

Then, on the'th iteration, withi’ < i, once we figure out what (i') is, we can simply
takek’ = candy_1(i), and compareval(k’, i) with eval(i’, 7), and whichever of these two
values is greater dictatesnd, (i). Wheni’ = ¢ — 1, this gives us:and(i), and thus on the
ith iteration, we know () (and subsequentlly (:)) in O(1) time without needing to look
backwards at previouis(-) entries. Next, note that:

— (S1) If by thekth iteration of our algorithm, we know that, for somgh, ¢ and for alls’
in [a, b], g = cand,(i"). Then we can represent this fact with one data structuresads
of b — a + 1 of them.

— (S2) In all practical cases, our gap functiomw is convex (meaning thatw(:) increases
asi gets larger, but the rate of increase itself decreasegets larger). In this situation,
we know that if for some’ > i, eval(i,i') < eval(cand(i'),?'), then for alli” > ¢,
we also know thatval(i, ") < eval(cand(i"),i"). Therefore, if at the end of thih
iteration, we were to scan thend;(-) values in the ordercand;(i + 1), cand;(i +
2),...,cand;(m), then we would see that thend,(-) entries are nonincreasing (each
nextcand;(-) entry is either smaller or equal to the previous one).

From these facts, we can coalesce adjacent indices withathe@nd;(-) values into
a single group. We can maintain one element per group in astfateture. Each group can
be represented by a single element. This element will cotlt@winner = cand;(-) value
for all indices represented by the group, as well the valaeV (winner), and the leftmost
and rightmost indices of the groufyb andupb. The elements will be listed in order from
leftmost to rightmost indices in this ligt. Clearly, we will have to add or delete elements
from L to correspond to groups being split off or merged when we g fiheith iteration
to the(: + 1)th iteration. See example below:

| winner =i | | winner = 3 | | winner = 2 |

| v =56 | | v =12 | [ v=17 [
| wb = i+l |<---->| Iwb = x+1 |<---->| Iwb = r+1 |

| upb =x | | upb =71 | | upb =q |

Furthermore, from (S2), we know that on tkté iteration, ifcand;(i + 1) # i, then
for all ' > i, cand;(i') # i. Supposing that there exists arsuch that for all such that
i+1<1i<a, candi(%) = i, andcand;(a + 1) # i, then for alli’ > a, cand;(i") # i.
Hence, on theth iteration, we can proceed on the elements.dirom left to right to
find the rightmost value such thatand;(a) = i, delete any element of previous winner
entries, and add in a single leftmost elementtwith i as its winner, andwb andupb set
accordingly.

In the case that on thi¢h iteration, there is an elementinis such thatand; (lwb) = i,
but cand;(upb) # i and we need to know which index within the group is the largest
such thatand;(a) = ¢, then, we simply take the element’s previous winner value @& v
value, and consider far the plots ofv — ww(x — k) versusV/ (i) — ww(z — 7). We seek the
point where the first plot intersects the second one. The tats mvolvep-part piecewise-
linear curves, and binary search over the lines of theseesywhich take® (log p) time)
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tells us which lines on these curves contain the intersect this point, we can get the
intersection pointitself i (1) time. From this, we get the largessuch thatand;(a) = 1,
with lwb < a < upb, and then update the elements/chccordingly.

This algorithm uses lisk to obtain solutions fof'(-) in O(mlog p) time. At any time,
PLAINS always ha%)(p) elements in. (andp << m typically). The proof for the main al-
gorithmic difference over the Miller-Myers method: th€p) worst-case space complexity
of L, is presented in appendix D.

For now, suppose that we are to return to our two-dimensiomalputational model,
but use it in the manner outlined here.AMNS computes entries to theé, £, F, andG
tables column by column. For each rgywe compute?'(-, j) with the help of a listZ; (so
we maintain listslq, L1, ..., L,, and each list is updated in the manner explained earlier),
and for each columi, we computef(i, -) using the help of a lisk (which gets updated
in a manner similar to that of for the F' entries, except that when we finish computing a
column of our table, we empt§ so it can be reused when proceeding to the next column).
Clearly, the updates fak and eachL; list are interweaved. This implig3(mn logp) time
complexity, and further implies that all lists combinedealpO(np) space, assuming each
list usesO(p) space.

See appendix sections C and D for an explaination of hawnNes usesO(n) space
fromtheV(-,-), E(-,-), F(-,-), andG(-, -) tables, and a proof of correctness for the scheme
used.

C TABLE SPACE REDUCTION

PLAINS uses onlyO(n) space for its dynamic programming tablésE, F', andG because
it exploits a method, generalizing several ideas first diesdrby Hirschberg, and later
Miller-Meyers[11]. This space-optimal approach, in additto usingX andY to compute
tablesV, F, F, andG, also uses{” andY" (the reversed strings of andY’) to compute
tablesV”, G", E”, and F".** We maintain lists/ to assist in computing™ (-, j), and list
R" to assist in computing eadkth column of E7(i, -) in a manner similar to the way we
usedL; for F(-,j) and R for E(i,-). However, RAINS saves only the most recently
computed columns &f, £, F', G, V", E", F", andG", wheret is some fixed constattt

In this manner by computing, £, F', G for X[1..m/2] andY[1..n],andV", E", F", G"
for X"[1..m/2] andY"[1..n| (which are reallyX'[(m/2)+1...m] andY'[1..n]), PLAINS uses
a “maximum criteria” explained below to obtain a “middle”mlignment from the saved
portions of V, E, F', G, andV", E", F", G". With this “middle” subalignment known,
and just as in Hirschberg’s algorithm,RANS makes two recursions, one to obtain a sub-
alignment for the left characters &f andY’, and another to obtain a subalignment for the
right characters ok andY. We glue all of these subalignments together to get the tvera
alignment forX andY.

4 Here, V" (i, §) denotes the score for the firsentries of X” and the firstj entries ofY "—in other words, the last
entries ofX and the lasy entries ofY". And, E" (i, 7), F" (4, j), andG" (i, j) behave similar td&®(s, j), F(3, j), and
G (3, j) over the first entries ofX™ and the firsyj entries ofY".

15 We can correctly maintain the;, L7, RandR" lists and correctly compute all table entries while onlyisguhet
most recent columns, since any earlier imporfér#ndV'" values we need to look at are saved in the lists themselves.
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This method of using)(n) space for the tables to get an alignment increases overall
runtime by at most a constant factor compared to the intiti¢mn) space method of
saving all columns of all tables. Hence, the overall runtiime PLAINS in creating an
alignment isO(mnlogp).

To explain the “maximum criteria” selection, letndk (i, j) denote thecandy (i) de-
rived from listL;, and leteval;(k, i) denoteV/ (k, j) —ww(i — k) (essentiallyeval;(k, 1) is
the two-dimensional version ebal(k,)). And letgr (k) denoteV (m/2, k)+ V" (m/2,n—

k). Also, leter(k, k') denoteV"(m — k',n — k) + evalk(candﬁb/z(k", k), k).

Whenpis1, V(m,n) = maxg[gr(k)], as proven by Hirschberg. Therefore, whes 1,
it is satisfactory to select our “maximum criteria” to seleck such thatgr(k) is max-
imized, then usé/(m/2,k) andV"(m/2,n — k) to obtain two subalignments from the
saved columns oF and V" based on this. Then, we glue these subalignments to make a
“middle” subalignment (and this is essentially the subaingnt that uses middle bits of
X).

Whenp > 1, eachL; list is computed assuming the indicesan range front to m,
not 0 to m/2 (even though that may be all we need for theable). Then, by the end of
computing the/” table, we will usel; while computing thé/” table and.} lists'® to obtain
rc(j) values’ for eachj, denoting an endpoint fak against a gap that uses rgvof our
tables. If we leter(k, k') denoteV”"(m — k',n — k) + evalk(candfnﬂ(k:’, k), k"), then our
“maximum criteria” becomes to selectahat maximizes

k* = arg mgx{gr(k), er(k,rc(k))}.

For our chosetk, in the event thatr(k) is larger, then we know our optimal alignment
usesX against a gap, with this gap starting in the first halfofind ending in the second
half of X', and we haveandﬁb/z(rc(k), k) andrc(k) the right and left endpoints to this gap,
and we will use this to construct a subalignment with this, gaqal use whatever we saved
of V andV'" to obtain any additional subalignment parts for charadedtsnd right of this
gap. All of this combined gives us our “middle” subalignment

Similarly, for our chosert, in the event thagr(k) is larger, then we know our optimal
alignment does not involv& against a gap with this gap starting in the first halfofind
ending in the second half of. Therefore, we can simply trace the subalignments from the
appropriate points in the andV'" tables the same way we would for the= 1 case to get
our “middle” subalignment.

The proof of correctness for our selectionfofn this manner is deferred to the next
section.

D PROOFS TO THENONTRIVIAL PORTIONS OFPLAINS

In creating an alignment from a given set of parametersethss two featurestRINS has
that makes it stand out from the literature it derives froimstFPLAINS usesO(np) space

18 Note that while computing’”, we are only going to read entries fraly, not make any changes to it.
1 Formally, rc(5) is thei value in rangem/2, m] such thater(j, ) is maximized. A deeper intuition farc(j) is
explained in the next section.
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in the worst-case scenario. Second, under its given spateuatime bounds, FAINS
obtains the correct alignment based on the given pieceiiser functiomuw(-).

These two features oftRRINS also happen to be nontrivial and tedious, which was why
they were not elaborated and proven earlier when we weregidegchow RLAINS creates
an alignment. For the second of these two features, noteptbaing the correctness of
alignment obtained by (RRINS boils down to proving the correctness of the “maximum
criteria” selection employed byLRRINS when usingl” and V" tables to help create our
alignment. We will now proceed with these nontrivial praofs

D.1 PROOF FOR THEO(np) SPACE BOUND, THE PLAINS INNOVATION

Earlier, we stated that we are usi@gnp) space worst-case when usipgart piecewise-
linear functionww(-) (and wherp < m, as is in RAINS, then this results in a substantial
improvement over the quadratic space complexity). Thifaah is the main innovation of
PLAINS over the original intuitions of Miller-Myers.

As explained earlier, EAINS usesO(n) space from the tables because it saves the
t most recently computed columns of all tables, and uses si&cuto obtain unknown
portions of the alignment. The space taken up by the reawssgO (logm), however in
practice,m andn are assumed to differ from each other by a constant factdrhance the
O(log m) space used by recursion is less thandle) space used by the tables.

What uses the most space in theals algorithm is not the tables, but the lists of
form L;, L%, R andR" used to compute the tables. We will now prove that each It irs
PLAINS usesO(p) space.

Suppose for simplicity that we fix so that we are dealing for allwith V(i) and
F(i), and we use linked-list to obtain the much-needed solutions frand V. (l.e.,
V(i) =V (i,j)andF (i) = F(i,7) and L is how we get values for" and F.)

CLAIM : For p-part functionww(-), L will always have at mogt elements in it.

PROOEF In the beginning, whein= 0, L starts with one element. Later on, in soitie
iteration, after we just finished computing(i), if we split an element of. with winner k
and valuey (wherev = V' (k)), then this implies that, for some thek,;, plot of v —ww(z —

k) intersects the,, plot of V (i) —ww(x — 1) (i.e.,V (i) —ww(z — i) = v —ww(x — k) for
somer). However, both of these plots are identical in shape. Byslieting one horizontally
and vertically, this plot can fit perfectly into the other.

Therefore, in considering the lines from both plots thagliséct (assuming;th line
from thei,, plot and thepsth line from thek,;, plot intersect), sincé < i, thep;th line
from thei,, plot must have a higher downward slope than that optile line from thek,;,
plot. Thereforep; < p». (S0, a given line from thé, plot intersects a later line from the
k., plot.)

Hence, if listL hasp elements, this implies having foupd- 1 intersections, each from
a different plot. This means that we havewd(-) values taken from ther;th line of some
¢1 plot intersecting the/,th line of somey, plot, and theursth line of theg, plot intersects
theulsth line of thegs plot, and so on up to the, plot, and therefore:

ury < uly < urg < uly <urs---urp_y < ul,.
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However, all of these plots have exactlyines. Therefore, in this case, for eaktirom 1
to p, ul, = ur, must be true. Hence for all from 1 to p, theul, values correspond to all
the lines of ourvw function (meaningul;, = h for all h).

Hence in this case, for each elemenh L, if g uses they, plot for some valué:, then
only one line from they, plot, theul,th line, can give the best solution for indices from the
lg1, g-] interval (g, andg, are thelwb andupb values for elemeng in list L).

Therefore, if during théth iteration, we have elements in, then thei plot of V(7)) —
ww(x — i) will have lines of the same slopes as those correspondirigeesd/; through
ul,. Therefore, if they’th-line of thei,, plot intersects some, plot (with 2" > 2), then
all elements of. derived fromg;, plots withui, < p’ will be discarded (i.e., at least one
element ofLL will definitely get discarded, and one new element witls itscand(-) value
is created, implying that total number of elementg iaverall in thisi,, iteration will either
stay the same or decrease). Note that it is impossible fartheve’sp’th-line to intersect
theq; plot.

Hence, it is never possible to increase the number of elesmehtfromptop + 1. So
L always ha®)(p) elements in it.

Therefore, in returning to ow-dimensional model, this argument implies that aur
different linked lists of formZ; and L} each us&)(p) space, and similarly? and " also
each us&)(p) space. Hence, total space used by all of the list3(isp). QED

D.2 DEFINITION OF rc(g)

Before the next section, where we prove the correctnessdinlaximum criteria” selec-
tion rule used by PaINS, it may help to gain an intuition of the definition of( ;).

Suppose for the moment that we fix the indexsed by the algorithm in theg andV”
tables so that we flatten to one dimension in order to keeprtharents simple. Hence,
assumé/ (i) = V' (i,j), F(i) = F(i,5),V"(i) = V"(i,n — j), andF" (i) = F"(i,n — j).
We are thus saving the most recently foundntries fromV and V", wheret is some
constant®at leastl.

During the computations df andV'", we use a linked list. to maintain solutions for
F, and a linked list.” to maintain solutions fof". Next, assume that we compute all thie
andV entries before starting on the¢ andV" entries, and we look at while computing
V" (but we do not modifyl. while computingl’").

Suppose also that while computifg list L maintainscand. (i) for all ¢ from 0 to m,
(even though we only need indices ©from 0 throughm/2 to complete computations
for F andV), and therefore, when we are done computihgnd L, list L now has the
cand,/»(i) values for alli from m/2 to m. Hence, after computing’ and V', we know
that:

For anyi in range[(m/2) + 1,m]: If i' = cand,,»(7), then?" is the number in range
[0,m/2] such thatV (i") — ww(i" — ) is maximized.

Note that, during the process of computing ieentries, one possible best alignment
solution in combining both th& andV" tables could b& (i') — ww (i’ — i)) + V" (m —9)
(a solution with a gap starting in the first half &f and ending in the second half &f).

18 Saving thet most recently computed entries fii(-) and V" (-) corresponds to saving themost recently computed
columns ofV/ (-, -) andV" (-, -) in our two-dimensional model.
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So, now suppose we have some extra variablequal to the in range[(m/2) + 1, m)|
such thatV(candm/g( i) — ww(i — candyy, 2(i))) + V' (m — i) = eval(cand,, 2 (i), ) +
V" (m — i) is maximized. We can figure out the value farwhile computing the entries
for V" using the listL. In considering all possible alignments that have a gapiistain the
first half of X and ending in the second half af, we know thatrc andcand,,, »(rc) give
us the coordinates in the right and left halvesKobf the gap for the best-scoring alignment
of this type.

Switching over to using all rows in computing ofy, V, F", andV" tables, we will
have, for each row from 0 to n, a valuerc(j) which is equal to the in range[(m/2) +
1, m] such thatV(canern/Q(i,j),]) — ww(i — candm/z(z i)+ Viim —in—j) =
evalj(candfnﬂ(i,j), i)+ V'(m—i,n—j)=er(j,i)is maximized.

D.3 PROOF OFCORRECTNESS IN‘M AXIMUM CRITERIA” SELECTION

As mentioned earlier, in theLRINS computation of thd” and V" tables, the “maximum
criteria” selection is used to find/athat maximizesnax{gr(k), er(k,rc(k))}. Below we
give a proof for the correctness of this method.

In the alignment ofX againsty’, two general cases may occur.

1. We may haveX aligned against a gap of a type starting in the first halXofind ending
in the second half ok'.

2. We do not seeX aligned against a gap of a type starting in the first halfXgfand
ending in the second half of.

When case (2) occut it is feasible to alignX|[1..m/2] againstY” separately from
aligning X [m/2..m] againsty’. Furthermoré, there exists &' such that for ali and:’ and
5, Vim/2,E)+ V" (m/2,n—k)>V(i,j)+ V' (m—1i,n—j) —ww(@ —i).

Hence, we will obtain the correct alignment by selecting that maximizegyr (k).
Therefore, selecting & such thatmax{gr(k), er(k,rc(k))} is maximized gives us the
correct alignment in this case.

When case (1) occurs, then there exists,aih, andj such that for allt’, V (i, 7) +
Viim —i,n —j) —ww( —i) > V(m/2,k') + V" (m/2,n — k). Furthermore, for a
fixed pair of/ and j, note thati = cand® my2(i',7), the cand,, /(i) value from theL;
list, maximizesV (i,j) + V" (m — i',n — j) — ww(i’ — 7). Next, note that ifj is flxed,
settingi’ = rc(j) and hence = ccmdL my2 (i, 7) maximizesV' (i, j) + V"(m — &', n — j) —
ww(i' — 1) = V(candfnp(",j) Jj) — ww( — candfn/z( '3) +Viim = n—j) =
evalj(cand), (7', j),7') + V" (m — i',n — j) = er(j,7'). Therefore, we obtain the highest
scoring alignment by selectingtathat maximizesr (&', rc(k')). Therefore, by selecting a
k that maximizesnax{gr(k), er(k,rc(k))}, the algorithm computes the correct alignment
in this case.

19 This is essentially what the andV'" tables do.
20 Therefore for thig:’ value,gr (k') > er(k', re(k')).



